Google 



This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 

to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other maiginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing tliis resource, we liave taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain fivm automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attributionTht GoogXt "watermark" you see on each file is essential for in forming people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liabili^ can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at |http: //books .google .com/I 



N.. 





LOde Island State Col. 

Library 




n 



I 






I 



ffc 






A 



ii 

'I 

■!! 
i! 



i 



i> 



I 



i 



;1 



■ • S • \ , » V .1 






A COLLECTION 



OF 



PROBLEMS AND EXAMPLES, 

ADAPTED TO THE 

"ELEMENTARY COURSE OF MATHEMATICS." 

WITH 

AN APPENDIX, 

QOTSfTASXTSQt THE 

QUESTIONS PROPOSED DURING THE FIRST THREE DAYS 

OP THE SENATE-HOUSE EXAMINATIONS IN THE 

TEARS 1848, 1849, 1850, AND 1851. 



BY THE 



REV. HARVEY GOODWIN, M.A., 

LATE FELLOW AND MATHEliAHCAL LEOTUBEB 
OF OONYILLE AND CAIUS COLLEGE. 



SECOND EDITION. 



CAMBRIDGE : JOHN DEIGHTON. 

LONDON : SIMPEIN, MARSHALL k CO., AND GEORGE BELL. 
LIVERPOOL : DE IGHTO N k LAUGHTON. 

M.DCCC.LI. 



.60 



'9^ 



I 



1 










PREFACE TO THE FIRST EDITION. 



The following pages contain a collection of Problems 
and Examples adapted to my "Elementary Course of 
Mathematics." The questions have, for the most part, 
been collected from Papers which have been set in the 
Senate-House or in College Examinations; some have 
been taken from various Collections which hare been 
published in Cambridge and elsewhere at different times ; 
and the remainder 1 have myself supplied. I have 
compiled, rather than invented, as much as the circum- 
stances of the case allowed, not only for the purpose 
of saving my own labour, but because the questions 
are more likely to be diverse in kind, and therefore 
more generally illustrative of the subject to which they 
belong, when supplied from a variety of sources. 

The subjects upon which Problems and Examples 
will be found in this book are, Algebra, Trigonometry, 
Statics, Dynamics, Hydrostatics, and Optics. Of the 
three other subjects which are treated in my Course 
of Mathematics, namely, Conic Sections, the first three 
Sections of the Principia, and Astronomy, I have given 
no illustrations, for the following reasons. I considered 
that the geometrical method of treating the Conic 
Sections was re-introduced into the University princi- 
pally, if not entirely, as an introduction to Newton's 
geometrical method of treating Mechanics, and that 
this end was answered if the student perfectly mastered 
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-the fundamental propositions, without gaining such 
faipiliarity with the methods of demonstration as to 
enable him to apply the same or analogous methods 
to miscellaneous Problems. Moreover, the power of 
applying geometrical methods will be found to be pos- 
sessed only by persons of great natural mathematical 
taste, and therefore such application cannot be expected 
from those who only study the elementary parts of 
Mathematics. Again, the three sections of Newton's 
Principia did not seem, for this last reason, to give 
rise to many Problems suitable to the class of 
students for whom this Collection is intended. And^ 
lastly, the portions of Astronomy specified in the Grace 
of May, 1846, are so very limited as to make it 
difficult to frame any considerable number of illus- 
trative Examples. 

Very good Collections of Problems and Examples 
illustrative of several of the subjects above named are 
already in existence. I claim no superiority for the 
present, except its adaptation to the particular course 
of reading marked out by the Grace to which I have 
just now referred. All existing Collections, though 
they may contain questions adapted to the wants of 
a student whose reading is confined to an elementary 
course of Mathematics, such as that which my former 
work contains, have also, as might be expected, so 
great an admixture of Problems of a higher kind as 
extremely to trouble and perplex. 

I have felt some doubt concerning the advantage of 
attaching answers to the questions proposed. In some 
instances such a course is manifestly undesirable, and 
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PREFACE TO THE FIRST EDITION. V 

in many others it is doubtful. In the present Collection 
I have in general appended no answers, except to some 
of the algebraical questions, the answers to which are 
purely numerical ; to work at a problem without seeing 
the result appears to me to be the more wholesome 
course for the student, partly because the form of the 
result may frequently give a hint concerning the Pro- 
blem, and partly because the questions are so propounded 
in the Senate-House for which this Collection is only 
a preparation. I have however, I believe in all cases, 
myself worked and examined the Problems which I 
have admitted. 

Certain of the questions require the aid of a table 
of logarithms for their solution ; it will be understood 
therefore that the student is supposed to be in pos- 
session of such a table. 

I cannot refrain from taking this opportunity of 

saying, that the extraordinary rapidity of the sale of 

the "Elementary Course" confirms me in the opinion 

I entertained of the necessity which existed for such 

a work, and at the same time gives me ground for 

hoping that my book, notwithstanding its defects, 

which are many, has in some measure answered the 

purposes for which it was written. I trust that the 

present little work will be found a useful supplement 

to the other. 

H. GOODWIN. 

Cambridge, 

April 12, 1847. 
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PREFACE TO THE SECOND EDITION. 



Th£ present is almost an exact reprint of the former 
edition. I have in fact been restrained from making 
some small improvements which might have been effected 
in the arrangement, from the necessity of making the 
collection still tally with Mr Hutt's volume of Solutions. 
In some instances in which the same problem had been 
by accident twice printed I have substituted new ones, 
and as a guide to the student who may be using the 
Examples in connection with the volume of Solutions 
these insertions have been distinguished by an asterisk. 

I have given in the form of an Appendix the ques- 
tions proposed in the Senate-House during the first 
three days of the Examinations of 1848, I849» 1850, 
and 1851. This will, I have no doubt, be considered a 
useful addition. 

H. G- 

CAHBRmOE, 

Oetohery 1861. 
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ALGEBRA. 



USE OF SYMBOLS. 

1. Find the value of ijf + , when ^ = 8. 

2. Also of ^ , when /r «=: g. 

S 

3. Also of {%(v + y) (2a? + Sy), when j? = 2, y = S. 

2tp' + 1/^ 20?* — I/* 

4. Also of ^, when ^ -» s, v = i. 

a?+ 2y ^ - 2y ^ 

5. Also of (oB +y •\- %){w -^ y ^ x){x ^ % - y), when 
^ = 1, y « 3, «? = 5. 

€. Prove that ^-{y-(i«f-w)} = a?-y + »-M. 

7. If a =s 1, 6 = 2, c =s 3, prove that 

o' + 6^ + c^ + 2a6 + 2ac + 26c = 6ahc = a' + 6' + c\ 
a^ + 6* + c* = 14(a + 2c), 
a' + ft'^ = lie, 
a* — aft + 6^ _ ^^ 

(a + 6) (a + c) (6 + c) = lOaftc. 

8. If a « 2, 6 « 3, c = 5, and d = 6, find the value of 
the following expressions: 

(2a + 36) (4c - d), (a +*6 + c - d) (a - 2c + 4d), 

(26 - Sd) (a + 6 - 3c + d), a* - 6' + c^ - cP, 

(a^ + 6^) (a26 + 6*c + c'd), and (a + h + c-\^df - a^- 6'- c^-«P, 
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9. Find the value of ^r* - Sa^ + S^ - 1, when a? « S. 

10. Find the value of v^ - dr + ^/%x - 1 v^l - 4 j?, 
when ^ - -3^ . 

11. Beplace the radical signs in the following expres- 
sions by fractional indices : 



ADDITION. 

1. Add together a?" - aor + a*, 2a?* + Sajr - 2a*, 

and ^ + azp + 3a*. 

2. Add together ar"'+4aaT**"*+a*«i?*»-*, s^"'+2a*^"'"*+o"*, 

and aa?"*"' + a'«r""* — 6a*. 

S. Add together 2 (a + 6) - c + d, a + (6 - c) - d, 

and a + 6 — (c - d). 

4. Add together a + 2c + d, 2a - (6 - c) - d, 

and 3a + 6 - (3c + d). 

5. Add together a» + a'6 - a 5 V 6', a? - (a'6 + 3 a 6') -2 6', 

and 2a' - a^h + 2a6' + 6^ 

6. Add together a{h + c -d), h(a + d ^c), cia + d-b), 

and d(b + e -^ a). 

7. Add together a^{b - (c- d)], ab[b + (a - c)}, 

and 6^ (c + d - a). 

8. Add together (3a + 264- c).a?, (2a - 36 - 4c)^, 

and (a + 6 - c) a?. 

9. Add together a«? - 6y, a? - y, and (a - l) « + (6 + l)y. 
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10. Add together 2^' + 3 (wtf - y*), a?* - y (2<» + Sy), 

and «r(y - 3a?) +y^ 

11. Add together (a+26)tr-(3a-46)y,2a(a7+y)+6(a?-y) 

and 4aa7 + 3&y. 

12. Add together a- {6-(c-d)},a-6-(c-d),a+6-c+d, 

and a - (b -^ c — d). 

IS. Add together 2a' + 3a*6 - ac*+ c', o' + 2ac* - ft'* + Sc', 

Sa^6 + 4a6* - 6V, and 6' - Sab"" - 5a^6 - 4c'. 

14. Add together Sa*-4o'fr + aft'+7a*6',2a*+o'6-6o6'+6*, 

and Sa'6 + 5o6' - 6a^b*. 

15. A dd together a*6 V - a^6^ + 3 a 6V, a 6 c* + 4 a*6* + a^b\ 

and a6V + 2a*6* - 6^ 

16. Add together a' - (ab + 6'), 2a* - (3o6-46«), 

and 4a6 + 36^ 

17. Add together 17o' + 25 a% - 71 o6' + 28 ft', 

l6l o' - 13a'6 + UaV - 51 6', 
19a8 - i46a''6 + 317a6» - 806', 
and 6a^ - 23a*6 - 200a6' + 1126'. 

18. Add together 121 a* - 31 a'6 + 60a^b* + 28a6' - 406*, 

30a;* + 27a'6 - 15a^6^ ^ 37a6' + 126*, 
17a* - 15a'6 - 40a^6' - 52a6' + 76*, 
o* - 3a'6 + 43a*6^ - a6' + 296*, 
and 6a^ + a'6 - 29a*6« + 8a6' - 166*. 

SUBTRACTION. 

1. Subtract a - 6 + c - d, from 2a + 6 - c + 3d. 

2. Subtract 2a - 3 (6 + c), from a - 26 + 2c. 

3. Subtract a (a? + y - «f) + 6 (a; - y + »), 

from (a + 6) ^ + (2a + 36) y + (a - b)z. 

1—2 
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4. Subtract a^a^ + afty + 2b^z, from 3a(ajff + by) - 6V 

5. Subtract 24a'a? - 17aa?' + 5a?', 

from 3a' + 25a^r - Saai^ + lOa^. 

6. Subtract 12 (a + 6)<r - is (a - 6) y, 

from 20a (^ + 2y) - 156 (2«r - y). 

7. Subtract Saifci + 4aJ - 56', from Sai + ga^bK 

8. Subtract a + 2 6 + 2 (a - 6) - S (a - 26), 

from 2a + 3 (6 - o) - 4 (26 - a), 

9. Subtract a,ar* + 6«r*y + ca?y* + rfy*, 

from da^ + c^'y + 6.ry* + ay\ 

10. Subtract (a + 6 - c) a;* + (6 + c - d) <r'y, 

from (a + c) a?V - (« - 6 + c) y\ 

11. Subtract .i? (<r^ — ^y + 3y') + y (2^* + Sa?y - 2y'), 

from 0?^ + ^y - 3cvy* + 2y^ 

12. Subtract a - {6 - (c - d)} , from 2a + 36 - (2c - d). 

13. Subtract 2a^-3a'^6+a6^+ 6^ from 5a^+ a^b - 6a6^+6', 

14. Subtract a* - 4^a% •{- 6a^6^ - 7a 6^ + 6*, 

from Sa^ - a'6 + "Tarb^ - 6a6^ + 6\ 

15. Subtract 3 a'^ + 5a*6 - a'6^ - 3a6* + 76% 

from Sw" - 5a% ^ ^aJ'b' + 96^ 

16. Subtract 7 a* - 3 (a'6 + a6') + 6*, ' 

from 9a* - 3 0^6 - 7(a6' - 6*). 

17. Subtract a^ + 6^ + c^ - d\ from a^ - 6« - c- + d^. 

18. Subtract 256a' - Sl7a*6 + I9a6^ - 366', 

from 278a3 - 311 a^6 - 21 a6^ + 146'. 
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MULTIPLICATION. 

1. Multiply together a^coy^^ aoB^^, and a^^y. 

2. Multiply together aia?i, a?a?4, and a^x^. 

S. Multiply together a— bx + ca?, and a + id? - cr*. 

4. Multiply together a-h -{-c^ a^c -hy and a -{-h-^- c. 

5. Multiply together a^^-aj^y + w^y^-.v^y^-^a^y^-xy^-i'^f 

and X + y. 

6. Multiply together ^aH -^ Sa'^b^ - ab^ + 4^b*, 

and a* - 4a^6 + a*6' — 3a6^ 

7. Multiply together a?* - 2ar^y + 4a?* y' - Sayy^ + l6y*, 

and 07* — 2y\ 

8. Multiply together ot* - 2<r + 3, and a?* - or + 1. 

9. Multiply together ai - a?i + 2, and zr^ + Soyi - 1. 

10. Multiply together iX'"«+» - a?"»+»y'"+» + y"*+», 



and d?"*+'» + ^pn»+nym+j| ^ yw+Ji, 

1 1 . Multiply together a* + 6* + c* - a6 - ac - 6c, and a+b+c, 

12. Multiply together a* (b - c) + a^ (ab -- be), 

and a' (ab + be). 

13. Multiply together a? - 1, a? - 2, and 07-3. 

14. Multiply together o?* - 20? + l, o?* + 2o? + 1, 

and 07* + 2.1* + 1. 

15. Multiply together of — a, a) -b, and o? - c. 

16. Multiply together a + 6, a - 6, a^ - a6 + 6^ 

and a* + a6 + 6^ 
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17. Multiply together /p + o, ^ + 6, ar + c, and w + d. 

18. Multiply together 1 + or + /p* + + ^, and l -«. 

19. Multiply together a?* + 4i»» + 6a?* + 4» + 1, and « + 1. 

20. Multiply together a^-«* - 6<<^-*>', and a« - 6^. 

«1. Multiply together ai-2a*6*+4a»6i-8a6+l6ai^-S26l, 

and ai + 2bK 

22. Multiply together 1 + - + — +-r» ^°* ^ "" S+T """T* 

23. Multiply together a* - oifc* + fci, and o* + 0*6* + 6*. 

24. Multiply together 26(j^ - 170*6 + 66*, and 7aJ - 26*. 



DIVISION. 

1. Divide a* + 6*, by a + 6. 

2. Divide a + 6, by ai + 6i 

S. Divide ^* + a?'y + x^ + y^ by a? + y. 

4. Divide a?* - pa?* + ^or^ - ga?'^ + pa? — 1, by a? - 1. 

5. Divide ci?(a? - l)a' + (a?^ + 2a? -2) a* + (Sa?*- /p') a - a?*, 

by a^a? + 2a — a?^ 

6. Divide a?* — y^, by a?i — yi 

7. Divide a?^* - 1, by af«^ - 1. 

_. .- a?* llaT^ 41a?' 23a? ^ , 2a?* 5w 

8. Divide + + 6, by :r + !• 

3 12 8 4 "^ 3 6 

9. Divide a?* - 9ai^ - 6a?y - y*, by a?* + 3a7 + y. 

10. Divide 12a*-26a36-8a*6*+10a6'-86S by 3a«-2a6+6*. 
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11. Divide a^ + a'fe^ + a^b* + a«6« + 6^, 

by a* + c^b + a*6' + aft' + 6*. 

12. Divide l -5.r + 10^-10<r*+5<r*-a?', by l^Sw+Sa^^a^. 
IS. DivideaVft*+c*-2(a'6*+oV+ftV), byaV2aft+ft'-c^. 

14. Divide a« + a^b"" - 2aV - a'ft* + aV - 6« - 26V - 6V, 

by a* - 6* - c^ 

15. Divide a?* + 6afiy + 15.rV + 20^p*y' + 15^y* + 6<ry* + y*, 

by a?* + 2.ry + y\ 

16. Divide ^^ + 7^y+21^V+35^y^+35«»V+21a?*y*+7^y* 

+ y^ by ct' + S/c^y + S.ry' + y\ 

17. Divide ^ + Sw^yi + Sa?4yS + y, by a/^ + y*. 

18. Divide w* - toyi + 6w^i - 4riy + yJ, by afi-^ 2a?iyi+yi. 

19. Divide l by 1 - ^ to four terms. 

20. Divide a - ^ by a + a? to six terms. 

21. Divide 1 - a? by 1 - /r + a** to four terms. 

22. Divide 189a* - 91 a^b + 62a*6« - isaft^ + 5b\ 

by 27a*- I3ab + 5b\ 

23. Divide 24a* - lOa^ft - 8a*ft* + lOaft^ - 4 ft*, 

by 4a* + aft - 2ft*. 

24. Is the following reasoning conclusive ? 

1 



l-/p+a^-a7' + 



1 + a? 
Let J? a 1 ; 

.•. Jel — 1 + 1 — 1 + ad infinitum. 
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GREATEST COMMON MEASURE. 

1. Find the Greatest Common Measure of a^ - &S 

and a* + 2ab + b'. 

2. Of a" + Sa^b + SaV + 6^ and a» + Sa6 + 26*. 
S. Of a' + 2a«6 + 2a6* + fe^^ and o* + R 

4. Of a?* + ^ - 2, and »r* + ^ - ^ — l. 

5. Of Sa** - ScT'y + ^y' - y', and 12 j?* - 15a?y + Sy-. 

6. Of 48<»* + l6af - 15, and 24a^ - 22 jy* + 17a^ - 5. 

7. Of Sar* - 2ar' - 07, and 60?' - o? - 1. 

8. Of 60;^- li.T' + 5/9-- 3, and 9^ - 9^' + 5o? - 2. 

9. Of ar* - 807* - 120? + 144, and So?* - l6of - 12. 

10. Of o^* + aa^ - 9a* 0;* + 11 a^o? - 4 a*, 

and a* - ao?' - 3a*07* + sa^of - 2 a*. 

11. Of 0?* -pO?* + (? -^ 1)^* + P07 — Q', 

and 0?* - ^oj-^ + (p - l)o7^ + go? - p. 

12. Of So?'- (4o + 26)0? + 2ab + a^ 

and 0?^ - (2a + 6)a?* + (2a6 + a^)af - a'^ft. 

13. Of 0?' - 190? + SO, and 07^ - 2o7* - 7o? + 14. 

14. Of 9^ - 3o7y - 60J + 2y, and 60?* - 4o?^ - Sa^y^ + 2y^ 

15. Of 48.i?3 + 807' + Slo? + 15, and 24o73 + 22o?- + 17o? + 5. 

16. Of 0?® + o?*y — tv^y^ - y^, and oj* - A^'^y - o?^y* + y^. 

17. Of a' + (a« + a)y + y^ and a* - a^f - y) - y\ 

18. Of 0?* - o?' + .r - I, and w* - 20?^^ + 3at^ - 2o7 + 1. 

19. Of Sdr^ - 10o?3 + i5o? - 8, and 0?^ - 2o7* + 1. . 
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20. Of 15a?* - 9a^ + 47a?* - 21a? + 28, 

and 20a?* - 12a7* + l6a7* - 15a?3 + Uw^ - I5a? + 4. 

21. Of a?* + 5a? + 4, a?* + 2a? - 8, and a?* + Ta; + 12, 

22. Of 6a^ + 4a?*y, 2aa?* - 86a?*y*, and 4ca?* + 12da;*y. 

23. Of a' + Sa^of + Taa;* + Sa^, aafl + Sa^oo - aai^ - Sa?^, 

and a' + a^CB - 5aa^ + 3a?'. 

24. Of a?* - 2a (a - 6)a?« + (a* + h^) {a-h)af -- a«6*, 

and a?* - (a - 6)a?' + (a — 6)6* ar - 6*. 

25. Of a?3 - 8a?2 - 12a? + 144, and Sai^ - l6a? - 12. 

26. Of as^^a^" Sai^ + 5a? - 2, and ofi - 2a?*- cfi + 5ai^ -4a?+l. 

27. Of 20a?* + a?* - 1, and 25a?* -^^ 5ai^ - w - i. 

28. Of na?* + Zna^y - 2wa?y* — 9,n\^y 

and 2i»cTy* — 4i»a?' -^ ma?*y + Zm%^. 

29. Of a?« + 4a?* - Saf* - l6a?3 + 11 a?* + 12a7 - 9, 

and ^x^ + 20a?* - 12a?3 - 48a?* + 22a? + 12. 

30. Of e^^a^ + e^" - a'- 1, and e*'a*+ 2€'a* -2e' + a* - 2. 



LEAST COMMON MULTIPLE. 

1. Find the Least Common Multiple of a?* - l, 

and (a? + 1)*. 

2. Of a?^ - 7a?* + l6a? - 12, and ^x^ - 14 a? + 16. 

3. Of 12a?* - 17oa7 + &a^, and 9*-* + ^ax - 8 a*. 

4. Of 2a? - 1, 4a?* — 1, and %a? + 1. 

5. Of a!^ •\- bx At 4, a?* + 2a? - 8, and a?* + 7a7 + 12. 

6. Of 4(1 -a?)^, 8(1 -a?), and 8(1 + a?). 



10 



▲LOBBRA. 



7. Of o^-Stf^ + S^-l, /p'-ar*-«+ 1, ^-.2«»+S»-l, 

and 47* - 2jfi + 247* - 2« + 1. 

8. Of 0^ - (4a + 6)a^ + (So* + 4a6)« - Sa% 

and 4?* - (a + 6)af* - {30a* - afe)^? + SOa'6. 

9. Of a^ + 2a*6 - aft* - 26», anda^ - 2a'6 - o6» + 2A». 

10. Of »*+47* + «' + jy' + 4? + l, anda7*-dr* + 4?'-«' + 4;-l. 

11. Of a* - Sa^b + 4a V- Sal^+ b\ and a* + a'fc + afc^^ fc*, 

12. Of SOa^of* - 5a'a?^ + Scfw, and 9a^ - o?af + 2a*. 
IS. Of 3a^ - 2d7* - ^, and 6a^ - ar - 1. 

14. Of a?* - 1, (ar - 1/, a?^ + 1, (a? + l)*, and «» + 1. 

15. Of ar^ - 1, and «« + or - 2. 

16. Of 6a^ - lla;* + 507 - S, and 9«^ - 9^^ + 5aT - 2. 

17. Of 21a?" - 26» + 8, and 7a^ - 4d?* - 21 a? + 12. 

18. Of «• - 1, a?^ + 2a7 - S, and afl -7a^ -¥ 6w. 



FRACTIONS 



Beduce the following to their simplest forms. 



1. 



2a7 



+ 5 . 

a? — 1 a7+l ar + 1 



Ans. 



4a7 



a?*- 1 



Sar - 2 a? + 7 

2. + 4. 

5 2 



Ans. 



a? + 1 
10 



a? — 1 a?— 2 a? + 7 
S. — T— + — T— + — ^ 



2 



S 



Ans. a?. 
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1 

a + - 

w 1 . I 

4. — • Ans. —. : . 

ai* + 1 w i- 1 w{af + 1) 

6 - o 

a + r— 

1 + 6a . - 

5. • Ans. D. 

— a 
1-a — 

1 + 6a 

a (a*-6*)jf a(a*-6*)a;^ . a + fto? 

6 6^ 6*{6 + a^)* ' 6 + a<v 



•T . J, - - A.118 — — — — - 

(a-6)(^ + 6) (6-a)(a? + a)' * (^ + a) (iif + 6)* 

a + a a^w o* — zp* 8a*a;^ 

o. *■ T — — — "- % « a • A.nS. ^^ r • 

a — 07 a+07 or •\- or a^ — or 

9. ^ — + -I T • Ans. 



^ + y y^ - ^ y ^ + y 



10. 



(o - 6) (a - c) (o? + a) (6 - a) (6 - c) (or + 6) 

. Ans. 



(c - a) (c - 6) {w + c) (o? + a) (o? + 6) {at + c) 

1 +v/5 1 -\/5 

1 07-2 I—a;-. 2 

2 2 

11. r= + 



, 1 + \/5 , 1 - \/5 

07* 07 + 1 Hr 07+1 

2 2 

a^ - 207* + So7 - 4 



Ans. 



O?*-0?^ + 07*-07 + l* 



1 1 Of -\- S . 07+S 

12. --8 — r- Ans. -T — • 

07-1 207+2 207* + 2 07*- 1 

07 + y/aP - 1 ^-\/o^-l . y-^ 

IS. . Ans. ^wyixr - 1. 

07 - vo?* - 1 ^ +V0?* - 1 



2« + 2 x + 2 2(» + 3) 
Ans. 



(x + \){x +2)(jr + 3) * 
6 



(o - ft) (o -c) (a? - a) " (6 - a) (6 - c) (^ - 6) 



(c - o) (c - b) (* - c) ■ (* - o) (* - 6) (ar - c) ' 






(c-a) {c-b)(jB -c)' ' (a? -a) (a; -6) (af-c) ' 



(a - 6) (o - c) (^ - a) " (fc - a) (6 - c) (a. + 6) 

C* + C+l . ip' + « + I 

Ans. - 



(c - a) (c - 6) (iT - c) ' ' (ar - a) (aj - 6) (* - c) 

I -at (1 - jt) (1 - a?^) 2-2* 

1+37 (1 + .r) (1 + a:") ' ' 1 + j? + ar* + ai* ' 



aj + a;* 



a^—a'x + an^—a^ 

a? + ar^ o* + .t^ a + af a' + aai + ^ 



+ ar ' a* — ai* 

« o* — aa7 + .t!* 



Aus. 



a:*— 6a; a? — 5w ' a, 

a7'+3a>+2 a?°+ 5.i? + 4 . a; + 2 

-s X -5 , Ans. . 

a*+2af + l ar + 7a?+12 « + S 



a* + a* a; + oa;* + .r^ 

af*- liar + 28 
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23. *— ^— — Ans. 2 ;. 

w 1 + 4a? + Sa?*+ 20?* 

1 + 



1 +a? + 



1 + J? + a;* 

1 ^ aP -^ 3a^ + 2af 

24f. — ^— ^-^— Ans. — r — ;; 

1 1 1 3^* -6a? + 2 

- + + . 

w a? - 1 0? - 2 



INVOLUTION AND EVOLUTION. 

1. Square ai - 1, a;' - a?* + 1, and a^ - 2«y + y^ 

2. Cube aa^ + fto? + c, a;« — a? + a?^, and a?* — 1. 

3. Baise to the fourth power a? - l, ari - 2, and 2 a?i - 3. 

4. Write down the fifth powers of - aai'y, tvlylz^, 

and a^xy^. 

1 

5. Write down the m*^ power of aWof, ai6"tt?i, and ax^y^. . 

-1 

6. The cube of (a - 6) <r + (a + 6) y, 

is (a - 6) V + 3(a - 6) (a* - 6*)a?«y + 3(a + 6) (a^ - 6')'^y'+ (« + *)¥ • 

7. Prove that (a - ccy + (a + o?)^ = 2a' + 6aa?'. 

8. Also that (1 + wf + (1 + a?)3 + (l + a?)* 

= 3 + 9a? + lOo?* + 5a^ + a?*. 

9. (a + 6a? + ca?* + da?')* « o'* + 2a6a? + (6^ + 2oc)a?' ^ 
+ (26c + 2ad)a?'+ (c* + 26d)a?* + 2cdar* + cPo?". 

10; (1 +4? + a?" + 07^)* = 1 + 2a? + 3a?' +4*1?^ + 3a?^ + 2a?* + a?*. 

11. Express (l + a?)* + (l - a? 4- o?*^)* according to as- 
cending powers of w. 
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12. Find the term involving x^ in 

(1 + /r - a;*)' X (I - a? + ^*)'. 

18. Write down the square roots of the following 

8 4 t 3m i» 

a*"^*», o?6«c% 64a*<»', 81 a*^*, and 25a"^6"+\ 

14. Write down the n*^ root of a^^of '*+*, 

15. Extract the square root of a?*- 2^* + 2a^+ a^- 2^ + 1. 

16. Also of at^ - 2a?* 4- Sa? - 2^7* + 1. 

17. Also of ^* - 4.r' + 1007* - 12«» + 9. 

18. Also of 07* -2«* + 50/^ + 2afl -2<r*+ 12^7 + 9. 

19. Also of 4a7V - 12a?3y^ + I7^y* - 12^y + 4a?*. 

20. Also of 9^*- 12a?* + 1007* - lOo?^ + 5a^ - 2a? + 1. 

21. Also of 25a« - SOa^^o? + 9a*a?» + lOa'o?* - 6a^afl + ^. 

22. Also of or + 6a7 + — + . 

S 9 4 3 

23. Also of 49«* + « + 9. 

5 25 5 



07* f/* /a? t/\ /— 
24. Also of-r + % - - + V 2 ^ 

y^ or \y wj 



25. Extract the cube root of o?^ - Sa,^ + 307-1. 

26. Also of a?3 + gw^ + 27^ + 27. 

27. Also of 8a?« + 480?^ + 60a?* - SOa?^ - 90a?* + 108a? - 27. 

28. Also of a?« - 60?* + 15a?* - 20a?3 + 15a?' -^ 6o? + 1. 

29. Also of — r 7— + Sabw - 6^. 
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SO. Also of a?« + -^ - efo?* + ^j + 15 ^^ + ~] - 20. 

31. Extract the fourth root of 

32. Also of I6a7® + SStP'' - 72a?* - 13&i?* + I45a?* + 204^ 

- l62a^ - 108a? + 81. 

S3. Extract the fifth root of a?'^-5tr*+iOap3^io^+5a?-l. 

34. Also of a?" + 5a^ + 15a?8 + SOaf + 45^* + 51a?* + 45^* 

+ SOafl + 15^?^ + 5af + 1. 

8/— — 1 1 

35. Prove that y/aP + 1 « a? + — + &c 



S6, Extract the seventh root of 

af^*+ 14a?^+91a?**+S64a?"+ 1001a?^^+2002a?^+3003a?^+34S2a?^ 
+ 300347* + 2002a?* + lOOlci?* + S64!W^ + 91a?* + 14^ + 1. 



SIMPLE EQUATIONS. 
Solve the follpwing equations : 

2(1? 3(2? 

1. a? + — = --- 12. Ans. a? -: - 13J3-. 

2. 2a7 - 4 = 5a? + 7. Ans. a? = - 3|^. 

3. (a? - 1) (a? *- 2) = (a? - 3) (a? ^ 4). Ans. a? = 2^. 

o ft a a^ft 

4. - + T '^ 0. Ans. a 



9a? + 7 Y a? — 2\ ^ . 

5. --. -^ I a? = 30. Ans. a? « 9. 

2 \ 7 / 



6. 


7» + 4 Sx-S 
5 -'- 2 • 


Ans. * = 3. 


7. 


3 3 
1 + \/ar 1 - V'» 


AX13..T=~^. 


,. 


4 15 b 


Ans. *■ - 120. 


9. 


sx + s ai+flj 


Ans. x = 9. 


10. 


r- + .5-«-"-i". 


Ans. x= 3. 


11. 


3 5 3 


. Ans. X = 25 a + Sib 


12. 


3* + 4 7x~S x-l6 

2 - . -"■ 


Ans, a7 = 2. 


IS. 


flf-1 23 -ar 4 + ^ 
7*5-'-.- 


Ans. a; .= 8. 


14. 


6« + o 3ar-6 
4ar + J 2a' ~o* 


Ana. a? = j — -- . 

b ~ ia 


15. 


X 2«-2 3»-4 ar 
8 5 15 '''12" 


Ang. X = 115. 


16. 


flj-2 af + 3 a:- 4 


Ana. ai = 15. 


17. 


x + l X + 2 ^ x-6 

+ — — =16 , 

2^3 4 


Ans. ai = 15J3. 


18. 


- -^ -";%».. ,f 


Ana. a,- = 5. 


19. 


19 x-7 4ar-2 


Ana. x = a. 
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547-7 3w ^2 w " 5 . . 67 

20, — — - a — -: — . Ans. ^ = — . 

3 7 4 83 

5a? 2a? — 1 4 3 



36-2a 

23. \/4a + 0? = 2 v^ft +0? - ^i». Ans. x = ^^ "" ^ 

^ 2a-6 

24. \/i+a? + a?»+ v'l-a^+ar* = 4. Ans. a? « — . 

* 4 



25. \/4a + a? + \/a + i»a2\/<r-2a. Ans. ar « — ^. 

8 

26. v/^ + \/a?-\/i -a?«l. Ans. cT-— . 

25 

1 + ^ l-<i^ 
(1 + ^)* (1 - wf 

1 1 

28. - , + 



va + ^ + \/a - 0? 
V a + ^ - \/a - a? 



SO. va + 07 = \/6 + v^. 

46 

^^- VT:ri^^^~T~' Ans. .7 = 81. 

32. .15ar + .2 - .87507 + .375 « .0625o? - I. Ans. o? = 2. 

2 





Ans. 

« 


a + 4 


1 

07 


Ans. 


o?«^^— . 

2 




Ans. 
Ans. 


2a& 

07 a ^. 

1 +6^ 

(a - hy 



. ft , (a-6>»4a« 

V*+o 2(o-i) 



^ + 4=- V-+ \/— +-^. Ans. *-4a. 



\/a-\/o-\/^r"aar 

~~P- / / ■ - "ft- Ana, 
y/ a-vV a—y/t^-ax 

Vl+af— 1 vl— '"+1 



QUADRATIC EQUATIONS. 



1. a'' - 2* = 0. 

3. 9a!» + 5ir - 7 -0. 

6 

4. g .ij = 4 + - . 



Ana. ar = 0, or 2. 

Ana. .1? ■= ^ (3 i \/5) 
Ans. ^ n 1, or - 1. 
Ans. a: = 3, or - 1, 



7. it* = 21 + -v/a?^ - 9. Ans. i» = ±5, or ±3v''2. 

8. (iP' + 5)'- 4ir== 160. Ans. a? = ± 3, or ± \/^l5. 

9. 17a;' + l^x - 1848 = 0. Ans. a> = -\\, or 9}f. 



Ans. iK B s, or — g. 
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11. 8a? + 1+-= 2. Ans. a?«if. 



m 



2a?— 10 0? + 8 
12 s 2. 

8-0? a? -2 



* Ans. ^ « 7, or #• 



IT' 



13. 



4? + \/a?* — cf w 
w — \/a^ — o* ^ 



Ans.a?«--(3i\/-7). 



U. 



a? — 4 
s/w + 2 



07-8. 



Ans. 07 « 9> or 4. 



a + 0? 



a - a? 



15. ~7= y « ~"7= / Ans. /r « -n±\/5\, 

Va+va + 07 va-\/a+a7. 2^ ^ 

^^- V^ + i>/a;* + 1664 = « + 1. Ans. a?=lO, or -ll-jl^.. 



17. (o? - c) \/a6 - (a - 5) \/ca^ « 0. 



18. 



0? 



cV + 1 

I* 



07+1 13 



07 



4 ac he 

Ans. 07« — , or — . 
6 a 



Ans. 07 a 2, or — 3. 



-8 
19. 0? 5 B 2. 



cr' + 5 



Ans. 0? a 2, or -J. 



20. (o? + 2)^ = 6o? + 2. 



21. 



\/l +07 v/l -a? 



1 + 



\/l +0? 1 - \/l - w* 



Ans. 0? s 1 ± \/ - 1. 



Ans. 0? B ± 



x/i 



22. 0?* - 34 = - , 

3 



Ans. 0? « 6, or - ^, 



10 a?* 

23. 0? « — + — 
3 12 



Ans. o?-i6i2v/^. 



2—2 



'^.A' 
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24% s^ "W -^^ y/^sf -'Sof + 6m 



5«v + d3 

2 



, 5 :k x/lS29 

Ans. ^ - S, or - *, or 

4 



25. 



^ + 2 4 - ^ 7 
« - 1 2J7 2 



^ + 3 l6 - 2^ 

26. + m 5l. 

2 2a? -5 ^ 



Ans. 4? •■ 2, or - ^, 



Ans. a; — 5, or 6^ 



2w 2^-5 

27. + +1-0. 

a? — 4 ^ — 3 



Ans. J? « 2, or si. 



So^-i 



28. 5 7= + —7= « 3\/^. Ans. «r — 4, or i-. 

1 + 5y/w vd? ** 



29 



. or" — 56 ir""*" + \»^. 



m+n 



Ans. ^ ■» 4, or \/49. 



SO. a«6*a?« - 4al6la?*"'* « (a - 6)*^'*. 



/I 1 \i^ 



SI. (o + 1) (wi - 1)» = (a - 1) (a^ + l). 

a + 1 y/c? + 2 a - 3 



Ans. ^ 



2 



-8 



32. ^"" + 



= 2. 



8 y— 






Ans. a? afe 1, or y^i. 



S3. 4a?* + 12<r\/l + !» « 27 (1 + ^). 

Ans. 0? « 3, or - 1, or 12^, or 5|. 



cT ^ . 

34. 1 + r "^ it; / ,, = S. . . Ans. «r « 00, 0, or 8. 

2 2{1 + VI +^}* 



ALGEBRA. 



21 



SIMULTANEOUS EQUATIONS. 



1. Sa^-Syeil 



2. - + 2y = 5 



Ana. 0? = 2, y = 1. 



2a?- 1 



-y + 1 



I 



Ans. ^ = 3, y e 2. 



3. ^' + y* - aM 
,r + y « 6 J * 

4. ^ + y' = 91 

d? -f y « 3 j ' 



Ans. a7«^{6±v^2o*- 6=*}, 
y = i{&Tx/2a«-6*}. 

Ans. a? = 1, or 2. 
y = 2, or 1. 

5. a?^ + y* « 272I Ans. a? - 4, or - 2, or 1 ± \/-l5, 
^-y b2 J y = 2, or - 4, or - 1 ±\/-15. 



6. 



V-2 



4y~ 



Sy + 





7 


Jf + 10 




3 


y 


- 3 




5 


SO 


- 2 



V 

/ 



3 



y 



7. 9,ai^- =4 



3 



Ans. a? « 5, 
y = 2. 



Ans. fV = 2, 
y^S. 



^/y — 3! + \/ a — m — ^ v o — a J S " $ **■ 

9. « + gy+Ssr-17| Ana. «-lj 
«» + Sy + «- IS ? y- 2 [- 

«« + y + a^-lsJ af-ij 






11. SdT + Ay - 1.2 1 Ads. a~ .Os\ 
S.4.T - .03y - .01 / ' y - 8.9 / ' 

12. x{be — xy) m y{aiy - ac) \ 
xy(ay + bx - my) - abc(ai +y —c) }' 

Ans. «* a ac, 
y'-fcc: 

or IT - ji\a - 6 + c i V^C" - J + c)' - 4ac}, 

ff « JJ- o + fc 4-c=i=\/(- a + 6 + c)*-4tc} 



Ans. 



(-3 (-3 



13. jc + y + Hf- Ji 

ax + by + CX = 0>. 
a*x + fi^y + c"* = ' 
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14. 07 + y + « = -4 

(6 + c) a? + (c + a)y + (a + b)z = 

6c^p + cay + a6« « 

A 
Ans. 07 1 



23 



15. 



% 



(- 




-;) 


(- 


-9(- 


-i) 



(-3(>-?) 



1 

Ans. 0? - ± — ?= , or ± 2, 






}• 



y = =F -7^ » or ± 1. 

16. /py = 1225 1 Ans. o? = 25, or 107 * 12\/71, 
\/^ + \/y = 12 j ' y = 49, or 107 T 12v/7i. 

17. /r«f = y'i Ans. 07*2 
07+y+«=i4L y-4y. 

+ y8 + ;l?««84j »«8 



18. 07+y+a?*+y'« 18 1 Ans. o? « S, ora7 = -S±\/3l 

o?y- 6]* y-2, ...y = -3T\/s/' 



19. ^+ o?y +y* = aM 
0? +a?iy* + y =6 J * 



Ans. 0^ = -^ {a« + 6« ±\/(3a*- 6^) (36^ - a")}, 
46 



^ y| ar y 27 
y' m^ y X 4 



~y-z 
An9. « - 4, or - 2, or 1 >^ 



!/- S, or - 4, or -i±\/ — J 







*■"■"- I 1 , 


SI. 


!"! - o(y + «) J 


2 




«.-r.6(^+.)!. 


a c i 



111 

- + I -- 

a « I 



22. d9y« - 281 
ayw — 420 



S.««,.l5«r Am. «-3, j,.7.».ll,».!0. 



23. gaf - 2» + 



9af - 2» + w - 41 ■! 
7y - 6« - w - 12 I 
4y -3ai + 2u =. 5 J. 
Sy - 4« + Siff- 7 
7« - 5m - II J 



Ana. w= 5, y "■ 4, a =3 
u ~ 2, w — 1 . 



24. xyz = 105 ' 



ajy 15 
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2tr + ^ - 4 3y -^6z + 1 a? - 2 
25. + — 



12 



IS 



4 



3a? - 2y + 5 4<r - 5y + 7« 2 3y - Piif + 6 
5 7 "7^ 6 



Of 



— y + 3% ^2 

9 ^ 



Ans. w " IS, y = 12, » = 4. 



26. .ry 
wsn 



(.r + y) 
2 (a? + «) 
3(y + ^) 



12 12 

Ans. w^ — , y = —■ , x 
7 5 



- 12. 



27. V a.r + V 6y =» ^ = a + ft. 



Ans. x « (\/a ± \/6)% 



28. /pyV -X 108 
y%^ =s 18^ 
2i8f =a Sy^^ 



Ans. (T a 1, y B 2, jv s 8. 



PROBLEMS PRODUCING EQUATIONS. 



1. What number is that, from the double of which if 
2 be subtracted, the remainder will be 10? Ans. 6. 

2. There are two numbers, one of which is greater 
than the other by 3, and the difference between the greater 
and the double of the less is also 3 : find the numbers. 

Ans. 6 and 9. 

3. A mercer bought 4 pieces of silk, which together 
measured 50 yards ; the second was twice^ the third three 
times, and the fourth four times as long as the first. What 
were the respective lengths of the pieces ? 

Ans. 5, 10, 15, 20 yards* 
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4. A gentleman buya four horses ; for the second of 
which he gives £i2 more than for the first ; for the third 
£6 more than for the second ; and for the fourth £2 more 
than for the third. The sum paid for all is £230. How 
much does each cost ? Ans. £45. £57. £63. £65. 

5. A man leaves his property, amounting to £26,000, 
among his children, namely, four sons and four daughters, 
in such a way that the eldest son is to receive half as much 
again as either of the younger, and a younger son's por- 
tion is to be twice that of a daughter. Determine the 
amount to be received by each, 

Ans. The eldest receives £6000, a younger son £4000, 
and a daughter £2000. 

6. Two workmen receive the same sum for their 
labour ; but if one were to receive 15 shillings more and 
the other 9 shillings less, then one would receive just three 
times as much as the other. What do they receive ? 

Ans. 21 shillings each. 

7. What number is that, the treble of which is as 
much above 40, as its half is below 51 ? Ans. 26. 

8. A certain sum of money is to be raised upon two 
estates, one of which pays 19 shillings less than the other ; 
and if 5 shillings be added to three times the less payment, 
it will be equal to twice the greater. What are the sums 
paid ? Ans. 33 and 52 shillings. 

9. A cistern is filled in twenty minutes by three pipes, 
one of which conveys ten gallons more, and the other five 
gallons less, than the third, per minute. The cistern holds 
820 gallons. How much flows through each pipe in a mi- 
nute ? Ans. 22, 7, and 12 gallons respectively. 

10. A and B began to play ; A with exactly ^ of the 
sum which B had* After winning £l0, A had as much 
money as B. What had each at first ? 

Ans. A had £l6, and B £36. 

11. A courier, passing through a certain place, travels 
at the rate of 13 miles in 2 hours ; 12 hours afterwards an- 
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other passes through the same place, travelling the same 
road, at the rate of 26 miles in three hours. How long 
and how far must the second travel before he overtakes the 
first ? Ans. 36 hours, 312 miles. 

12.* A waterman finds that he can row with the tide 
from A to B^ SL distance of 18 miles, in an hour and a half, 
and that to return from B to A against the same tide, 
though he rows back along the shore where the stream is 
only three-fifths as strong as in the middle, takes him just 
two hours and a quarter. Find the rate at which the tide 
runs in the middle where it is strongest. 

Ans. 2^ miles per hour. 

13. The hour and minute hand of a watch are together, 
and it is between four and five o''clock. Determine the 
precise time of day. Ans. 21-j^ minutes past 4. 

14. A packet sailing from Dover with a fair wind, 
arrives at Calais in two hours; on its return, the wind 
being contrary, it proceeds six miles an hour slower than 
it went. When it is halfway over, the wind changing, it 
sails two miles an hour faster, and reaches Dover sooner 
than it would have done, had not the wind changed, in the 
proportion of 6 : 7. Required the distance between Dover 
and Calais. Ans. 22 miles. 

15. Fifteen guineas should weigh four oimces ; but a 
parcel of light gold having been weighed and coimted, was 
found to contain 9 more guineas than was supposed from 
the weight; and a part of the whole, exceeding the half 
by four guineas and a half, was found to be 1^ oz. deficient 
in weight. What was the number of guineas. Ans. 36. 

16. Two persons, A and B, played cards. After a 
certain number of games, A had won half as much as he 
had at first, and found that if he had 15 shillings more, he 
would have had just three times as much as B. But B 
afterwards won 10 shillings back, and he had then twice 
as much as A. What had each at first ? 

Ans. A had 14 and B 19 shillings* 
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17. What fraction is that, whose numerator being 
doubled, and denominator increased by 7, the value be- 
comes |-; but the denominator being doubled, and the 
numerator increased by 2, the value becomes f. Ans. ^. 

18. A winemerchant has two casks of wine, from the 
larger of which he draws 15 gallons, and from the smaller 
] 1 ; the quantities remaining are in the proportion of 8 : 3, 
After they become half empty, he puts 10 gallons of crater 
into each, and the quantities of liquor now in them are as 
9 : 5. How many gallons will each hold ? 

Ans. They will hold 79 and 35 gallons respectively, 

19. Two persons, A and £, can perform a piece of 
work together in 16 days. They work together for 4 days, 
when A being called off, B is left to finish it, which he 
does in 36 days more. In what time would each do it 
separately ? Ans. A in 24 days, B in 48 days. 

20. There is a cistern, into which water is admitted 
by three cocks, two of which are of exactly the same di- 
mensions. When they are all open, five twelfths of the 
cistern is filled in four hours; and if one of the equal 
cocks is stopped, seven ninths of the cistern is filled in ten 
hours and forty minutes. In how many hours would each 
cock fill the cistern ? 

Ans. Each of the equal ones in 32 hours, and the other in 24. 

21. Find two numbers in the proportion of 8 : 5, the 
product of M'hich is 360. Ans. 24 and 15. 

22. There are two numbers, whose sum is to their 
difference as 8 : 1, and the difference of their squares is 
128. Find the numbers. Ans. 18 and 14. 

23. The length of a certain rectangular field is to its 
breadth as 6 : 5. One sixth part of the area being planted, 
there remains for ploughing 625 square yards. What are 
the dimensions of the field? 

Ans. The length is 30, and the breadth 25 yards. 

24. A farmer bought two flocks of sheep, the first of 
which contained 18 fewer than the second. If he had given 
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for the first flock as many pounds as there were sheep in 
the second, and for the second as many pounds as there 
were sheep in the first, then the price of 6 sheep of the 
first flock would have been to the price of 7 sheep of the 
second in the proportion of 7 : 6. Required the number in 
each flock. Ans. 108 and 126. 

25. There is a number consisting of two digits, which 
being multiplied by the digit on the left hand, the product 
is 46 ; and if the sum of the digits is multiplied by the 
same digit, the product is 10. Eequired the number. 

Ans. 23» 

26. Find two numbers, such that the product of the 
greater and the cube of the less may be to the product of the 
less and the cube of the greater as 4 : 9 ; and the sum of 
the cubes of the numbers may be 35. Ans. 3 and 2. 

27. From two places, distant from each other 320 miles, 
two persons, A and B, set out at the same time to meet 
each other. A travelled 8 miles a day more than B, and 
the niunber of days in which they met was equal to half the 
number of miles B went in a day. How many miles did 
each travel per day ? Ans. A 24i and ^ l6 miles. 

28. A man travelled 105 miles, and then found that if 
he had not travelled so fast by 2 miles an hour, he should 
have been 6 hours longer in performing the same journey. 
Determine his rate of travelling. Ans. 7 miles per hour. 

29* A and B entered into a speculation, to which B 
subscribed £l5 more than A. After four months C was 
admitted, who added £50 to the stock ; and at the end of 
12 months from (7s admission they found they had gained 
£l59 ; when A withdrawing received for principal and gain 
£88. What did he originally subscribe ? Ans. £40. 

SO. There are three numbers, the difference of whose 
differences is 5 ; their sum is 20 ; and their continued prO' 
duct 130. Eequired the numbers. Ans. 2, 5, and 13. 

31. A person bought a quantity of cloth of two sorts 
for £7 188. For every yard of the better sort he gave as 
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many shillings as he had yards in all ; and for every yard of 
the worse as many shillings as there were yards of the 
better sort more than of the worse. And the whole price 
of the better sort was to the whole price of the worse as 
7d : 7* How many yards had he of each ? 

Ans. 9 of the better, and 7 of the worse. 

52. There are two sorts of metal, each being a mix- 
ture of gold and silver, but in different proportions. Two 
coins of these metals of the same weight are to each other 
in value as 11 : 17; but if to the same quantities of silver as 
before in each mixture double the former quantities of 
gold had been added, the values of two coins of equal 
weights would have been to each other as 7 : 11* Deter-- 
mine the proportion of gold to silver in each mixture, the 
values of equal weights of gold and silver being as 13 : l. 

Ans. The proportion is l : 9 in the first mixture, and 
1 : 4 in the second. 



RATIOS, PROPORTION AND VARIATION. 

1. Determine which is the greater ratio, — or 

a + 3b 
a + 2b* 

2. Compare the ratios, — ;=. and — . 

^ x/2 40 

3. What quantity must be added to each of the terms 
of the ratio a : 6, that it may become equal to the ratio 
c : d? 

4. If four quantities are proportional, the sima of the 
greatest and least is greater than the sum of the other two. 

5. Jf a : b :: c : d, and a be the greatest of the four 
quantities a, b, c, d, then a*" + d" is greater than b"^ +&*,m 
being any whole number. 
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6. If a :b :: c : d, then a + b :a-6::c + d:c-A 

7. Given that y « <», and that when «» = 1, y = 3, find 
the value of y when a? = 4. 

8. Given that z cz a + y, that y oc a^, and that when 
/r s 1, y s Sy and z ^ 3, determine the relation between z 
and 07. 

9- If ^ varies directly as y when w is constant, and in- 
versely as Of when y is constant, then when w and y both 

y 
vary z oo- , 

Of 

10. If « oc a? + y, w oc 07 — y, and o? oc w + jjr, then in 
general y « o?. What exception is there to this conclusion ? 

11. If «f oc y, and y « o?, then y oc v o?;??. 

12. Jf z <x y, and y oc o?, then 

a^ + y + z oc y/yz + y/wz -|- s/xy. 

13. A sphere of metal is known to have a hollow space 
about its centre in the form of a concentric sphere, and its 
weight is ^ of the weight of a solid sphere of the same 
substance and radius ; compare the inner and outer radii, 
having given that the weight of a sphere varies as the cube 
of its radius. 

14>. There are two vessels, A and B^ each containing a 
mixture of water and wine, A in the ratio of 2 : 3, S in the 
ratio of 3 : 7. What quantity must be taken from each, in 
order to form a third mixture which shall contain 5 gallons 
of water and 11 of wine ? 



ARITHMETICAL PROGRESSION. 



I. The latter half of 2n terms of any arithmetical 
series » ^ of the sum oi^n terms of the same series. 
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2. Sum the following series : 

S + 5 + 8+ to 11 terms. 

S + 7+ 11 + to 12 terms. 

m-i-m + l+m+3+ to m terms. 

5 + a+I+ to 8 terms. 

i + i + i+ to 10 terms. 

i + t + f + *o « terms. 

2^ + 2 + -| + to n terms. 

(o + ar)' + (o' + **) + (a - ^)* + to « terms. 

3 + 1 - 1 - to 10 terms. 

54 + 31 + 48 to 9 terms. 

6 + ^ + 5 + to 25 terms. 

n— i n-2 n — S 

+ +■■■■+ •. to n terms. 

n n n 

S. The sum of an axithmetical series is 1455, the first 
term 5, the number of terms SO. What is the common 
difference ? 

4. Insert 3 arithmetical means between 2 and 14. 

5. Given the n*" and m'" terms of an arithmetical 
series, required the sum of p terms. 

6. Si, Si, Si Sp are the sums of p arithmetice.1 

series continued to n terms; the first terms are i, 2, 3, 

and the common differences 1, 3, 5, Prove that 

S, + S^ + S, + 5, - («p + 1)^ . 



7. If in the equation a = {2a + (n - I) dj - , n has a 

negative valuC; prove that this value corresponds to a series 
of - n terms, having the common difference d and d- a 
for its first term. 
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8. There are n arithmetical means between l and si, 
and the 7^ : n - 1 1*^ :: 5 : 9 ; required the number of means. 

9. Find three numbers in arithmetical progression, 
whose product » 120, and whose sum s 15. 

10. Write down the arithmetical series, the 5*** and 
9^ terms of which are respectively 1 and 9. 

11. Determine the relation which must exist between 
a, b, and c, in order that they may be respectively the p^\ 
q^\ and r^^ terms of an arithmetical progression. 

12. The common difference of 4 numbers in arithmeti- 
cal progression is 1, and their product 120 ; find the num- 
bers. 

13. Given the n^^ term of an arithmetical series, and 
also the sum of n terms; find the series. 

14. Prove that 1, 3, 5, 7 is the only arithmetical 

progression beginning with unity, in which the sum of the 
first half of any even number of terms has to the sum of 
the second half the same constant ratio ; and find that ratio. 

3n — 1 

15. The n^ term of an arithmetical series is — - — ; 



find the sum of n terms. 

16. The sums of n terms of two arithmetical series 
are as lS-7n : 1 +3n; find the ratio of their first terms. 

17*. Every square number can be represented under 
the form of an arithmetical progression commencing with 
unity. 

18. In the two series 2,5, 8, and 3, 7, 11, , 

each continued to 100 terms, how many terms are identical? 

19. From two towns, 168 miles distant from each 
other, two persons, A and B, set out to meet each other ; A 
goes 3 miles the first day, 5 the second, 7 the third, and so 
on ; B goes 4 miles the first day, 6 the second, 8 the third, 
and so on ; in how many days after starting will they meet? 

3 



GEOMETRICAL PfiOORESSIOK 

1. Sum the followinff eeriea : 

1 + - + - + to IS teroM. 

i * 

2 + -+ — + to » terms. 

S SO 

\/- + \/- + - v/- + ... to infitutr. 

— +— - + --r+ to infinity. 

10 10» JO* 

1 — 4- to 10 terms, and to infinity. 



\/'--\/6 + i\/l5~... to 8 terms. 
■ - V - + 1 - &C to 8 terms. 



S, Find three numbers in geometrical progresBion, 
such that their sum - I4>, and the sum of their aquaria •= 84. 

8. Prove that .llll - {.3383 \\ 

4. The first term in a geometrical series is i, and any- 
one term of the series is equal to the sum of all that follow 
it if continued ad infinitum ; required the series. 

5. The arithmetical mean between a and b is greater 
than the geometrical. 

6. If quantities are In geometrical progression, their 
differences are in geometrical progression. 



ALGEBBA. 25 

7. There are thise numbers in geometrical progres- 
Bion, whose sum » 13, and the sum of the first and second 
divided by the sum of the second and third = ■^. Kequired 
the numbers, 

8. The difference between two numbers is 48, and 
the arithmetical mean exceeds the geometrical by 18. Find 
the numbers. 

9. In any geometrical series, consisting of an even 
number of terms, the sum of the odd is to the sum of the 
even terms as 1 : r« r being the common ratio. 

10. Given the sum of three quantities in geometrical 
progression, and the sum of their reciprocals ; find the 
quantities themselves. 

11. In every geometrical progression consisting of an 
odd number of terms, the sum of iiie squares of the terms 
is equal to the sum of all the terms multiplied by the 
excess of the odd terms nbove tibe eveou 

12. The difference of the means of 4 numbers in 
geometrical progression is 2, and the difference of the 
extremes is 7; find the numbers. 

13. The second and third terms of a geometrical pro- 
gression are together equal to 24, and the next two to 21 6 ; 
what is the first ? 

14*. Find a geometrical series in which the sum of 
all the terms except the last is equal to the difference 
between tiie last and firot terms. 

15. If Si, S29 Sn be the sums of n geometrical 

series continued ad infinitum, the first term of which is 1, 

and the common ratios -, — , — j respectively; find the 

T 1r IT 

value x)f the quantity 

11 1 

16. The (p + qf^ term of a geometrical series = P, 
the (p - qf^ = Q ; find the p^ and 9*'' terms. 

3 — 2 
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17. If a, b, c, d are in geometrical progression, then 
(a + 6 + c + d)* - (a + 6)* + (c + d)* + «(5 + c)». 

18. If P be the product, S the sum, and S' the sum of 
the reciprocak of n terms in geometrical progression, then 



(!)'• 



HARMONICAL PROGRESSION. 

1. If the geometrical mean between a and y be to 
the harmonical as 1 : n, prove that 



y " 1 - v/i -»« * 

2. Continue in both directions the series S, 3, 6. 

S. In any harmonical progression, the product of the 
&st two terms : the product of any two adjacent terms :: 
the difference between the first two : the difference between 
the two others. 

4. The arithmetical mean between two numbers ex- 
ceeds the geometrical by IS, and the geometrical exceeds 
the harmonical by 12, what are the numbers ? 

5. The arithmetical, geometrical, and harmonical 
means between a and b form a geometrical progression. 

6. Insert 3 harmonical means between i and — . 

11 

7. If y be the harmonical mean between w and x, and 
a and « respectively the arithmetical and geometrical 
means between a and b, prove that 

a + 6 



{Q^ (!) } 
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8. Given the m^^ and n*^ terms of an harmonical pro- 
gression ; find the (m + w)*^ term. 

9. There are four numbers, the first three of which 
are in arithmetical, and the last three in harmonical pro- 
gression ; it is required to prove that the first has to the 
second the same ratio which the third has to the fourth. 

10. Jf P, Q, B be respectively the p*^ q^\ and r*^ 
terms of an harmonical series, prove that 

ip - g)PQ + (r - p)RP +(q'-r)QR^ 0. 



PERMUTATIONS AND COMBINATIONS. 

1. Find the niunber of permutations of 10 things taken 
3 together, of 9 things taken 4 together, and of 6 things 
taken all together. 

2. Find the number of permutations of 7 things taken 
all together, of which 3 are of one kind and 4 of another. 

5. Find the number of permutations of the letters of 
the word " science," taken all together. 

4. From a company of 50 men four are chosen every 
night to guard. On how many different nights can a dif- 
ferent guard be posted ; and on how many of these will 
any particular man be engaged ? 

^. How may triangles can be formed by joining the 
angular points of a polygon of n sides ? 

6. Find the number of combinations which can be 
formed by taking the letters of the alphabet 6 at a time, 
each combination containing two vowels and no more. 

7. How many different arrangements can be made of 6 
persons about a round table, such that a given person shall 
not have the same neighbours in any two arrangements ? 
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B. The namber of combinatioiis of n things, taken p 
together, is to the number taken p -f S together as a : & 
Find n. Example : a » 5, b m is, p » S. 

9. The number of permutations of n things taken r 
together : the number of permutations taken r -*- 1 tog^e- 
ther :: 10 il, and the corresponding combinations n 5 : d«. 
Find the values of n and r. 

10. At a game of cards, S being dealt to each person, 
any one can have 425 times as many hands as there are 
cards in the pack ; required the number of cards. 

11. How many words can be formed, consisting of 3 
consonants and a vowel, in a language the alphabet of 
which consists of 19 consonants and 5 vowels ? 

12. Two dice have respectively n and n -^r faces ; 
determine the numbers of different throws which can be 
made with them. 

IS. How many different hands is it possible to hold 
at whist? 

14. Prove by the theory of combinations that the 
product of any n consecutive integers is divisible by 



BINOMIAL THEOREM. 

1. Expand the following: 

(1 + ^)^ (a + 5)3, (a +5^ + cw^)\ (l + a^\/2y, (\/a + \/ay\ 

2. Expand the following, each to 5 terms, 

(a + b)K (1 + ^)'^, (1 - ^)*, (I - /r)-J. 

3. The sum of the coefficients of (l + w)\ n being a 
positive whole number, is 2* ; and the sum of the coeffi- 
cients of the odd terms « the sum of the coefficient of the 
even « 2""\ 
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4. Find the sum of the squares of the coefficients of 
(1 + ^)*, n being a positive integer. 

5. Write down the term of the expansion of [or + - J , 
which does not invohre /r, n being an even number. 

6. Write down the 4f^ term of (3 a - 2a?)i, the 7*** term 
of (2a - 3ai)i, and the 8*^ term of (1 - ayi. 

7. The p^ coefficient of (a + by is greater than the 
p.+ l]*^ j£p > , n being positive. 

8. Given that the coefficient of the p^^ term of the ex- 
pansion of (1 + «)" « P, and that of the (p+ l)* • JP' ; find n. 

9*. Find the greatest terms in the expansions of the 
following quantities ; 

0+in (i-i)!, (2-i)-". 

10. If iV = the n}^ term of (i - »)*, then the series 
after the first n tenns 

11. If «* + ijf -f 1 =5 0, then will 

l{(l+^)" + (l+a;)« + (l + ^^)»j 

be the sum of those terms of the expansion of (l + aiy in 
which the index of ^ is a multiple of 3. 

12. The number of all possible combinations of n 
things is 2" - 1. 
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IS. In the expansion of , write down the 

coefficient of oT. 

14. Prove that four times the product of the sums of 
the odd and even terms of the expansion of (a + 6)" 

- (a + b)^ - (a - b)^. 



15. Find an approximate value of v^8, and of v 9, by 
the Binomial Theorem. 

■ 

16. Find the sum ofl + - + — + — « ..., -where aQy*^* 

2 3 4 ^ ' 

are the coefficients of the expansion of (l + w)\ 



17. The coefficient of the r+T|^^ term of the expansion 
of (1 + 47)"+* is equal to the sum of the coefficients of the 

f*^ and r + l]**" terms of (l + a)*. 

18. Write down the p^^ term of the expansion of (1 -a?)i. 

19. If a, b, c, d be consecutive coefficients of an ex- 
paiided binomial, then 

(6c + ad) (6 - c) = 2 (ac* - d6'). 

20. Find the coefficient of ^ in (l+os + ^s^^Ssfl ^ ,..)*. 

21. If (1 + xy = Oo + ^1^ + «2^* 4- ... ; find the value of 
the quantity a^ai + a^ag + ..., n being a positive integer. 

22. Prove that 

Off n(n + \) ( w \* 



/l+2;r\" no n(n + 1) / jp y 

Vl +07/ *" "^ ^ 1 + 207 1.2 \1 + 207/ "^ 

and that 

207 n{n + 1) / 2o7 \« 



Vl - 07/ 1 + 07 1.2 Vl + ^/ 



lAAaaaBMBMHMHHiiBl 
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23. If - « 1 + A, A being very small, 
a 



Vai^\i 



( -^ ^^\ 



1 + -5 — IT A nearly. 



24. K a? be very nearly equal to l, prove that 

— + » 6?a?<" *"'6« * nearly. 

a?" ^ 

25. If a? be very small compared with 1, 

(l±^>i±iiJl^-l-?ar nearly. 

1 + iT + (1 + 0?)* O 

26. If c *8 a - b, and be very small compared with a 
and b, then 



a 



8 



6» 



(o* - a'^a^ + 6V)t 



a - 2c + Sc/p* nearly. 



27. Given that the coefficient of the (p + l)*^ term of 
the expansion of (l + w)^ is equal to that of the {p + S)* 
term, shew that p « n - i. 

28. Shew that the middle term of the expansion of 

1 + afY* « ^^ ' 2"a^. 



LOGARITHMS. 
I. Solve the equations : 



o'fey = c 1 
a'^b^if « d 
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2. In a given country the births in one year amount to 

— th part of the whole population, and the deaths to — th 
m 9^ 

part ; in how many years will the population double itself? 

S. A country trebles its population in a century ; what 
is the increase in one year per million ? 

4. Prove that 

1 16 , 25 _ 81 
log2-7log— + 5log- + Slog — . 

5. If 20'» 100, <r« 1-537. 

6. Apply the logarithmic tables to find the value of 
the following quantities: 

V^2>/i. Ans. 1-7818. 
V^7\/i. Ans. 1-5817. 

\^9^S\/2. Ans. 1-6268. 

7. If a*' — a* • 1, then a « ■ , ^ • 

log a 

8. Given a^a^a^ =2?, find the number of factors 

a\ a\ o* 



MISCELLANEOUS PROBLEMS. 

1. Shew that y"" - 1 is divisible by either of the quan- 
tities y" - 1 or ^ - 1 without remainder, m and n being 
positive integers. 

2. Of the two quantities a^ + a*J^ + a*6*+ 6« and 
{cfi + 6^)^ determine which is the greater. 



I 
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3. Prove that 

-K-«»)* 

*. If a be greater than b, a" — b' is greater than 
n&"~* (a — b) and less than n«^~* (a - b), 

5. If a be an approximate value of the square root 
of n, and n - a' ■> ± 6, then wUl 



6. If n be greater than S, then will \/n be greater 
than vn + 1. 

7. The number of different combinations of n things 
taken 1, 2, 3,„.n at a time, of which there are p of one 
sort, q of another, and r of another, 

- (p + l)(2 + i)(r + l)-i. 
S*. If (6 - o) (y - ma) - (nb - ma) (w - a), 
and (&'- a*) (ff - mfcO - (mb' - na) (sd - 6'), 
then will 

/I l\ a + a' b + b' 

\aa' bb'j aa' bb' 

9. Prove that out of the combinations of n things the 
number of combinations involving an odd number of 
things exceeds the number of those involving an even by 
one, 

10, Express ^^ in the form A ■^ B-^ -^. 



o-6-c+d a-b — d + c 
a + b + c ■¥ d 



,, -D J \/5.I2 + \7.03375 , ., . , . . , 

12. Keduce T^= ^=^ — to its equivalent simple 

V' 80 - i/.Ql 



decimal. 
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IS. If JV and n be nearly equals tben 

^/N N iN-^n , '" 

V — « :r= + , very nearly. 

n iV^+ » 4 n 

14. Prove that the value of ^' - 2 of + 3 corresponding 
to « — 1 is smaller than for any other value of a;. 

a a + fr a + 2b 

15. Sum the series - + --i— + ~—^ — + ... to n terms. 



Ex. i + f+f + 



16. Prove that o^ + y* is never less than ft/vy. 

17. Which is greater, a? - y or (yw - y/yY? 

18. Shew that — + — is greater than - + t • 



6« ■ a' 



a b 



19. Shew that v a' + fc*v^c* + d* is greater than ac-\-bd. 

20. Shew that a 6c is greater than (a + fr - c) (a + c - 6) 
(ft 4. c - a) unless a = 6 ■: c. 

21. Shew that a^ + 1 is greater than a* + a unless a « 1. 

22. Shew that is mtermediate m value to 



m -^-n 



a and 6. 



-.^ 4o6 ._ ^ + 2a Of •¥ 2b 
23. If or a 7 9 then ^ + r « 2, 



a + 6 



a? - 2a 0? — 26 



24. Prove that a^ + paP + qx^ + r<r + « is a perfect 

square^ if p^8 « r^ and g* « — + 2 \/«. 

4 

25. If a^?' + 6^ + CtV + d is a perfect cube, prove that 
a(? = db\ 
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26. Can le y and ss be obtained from the following 
equations? 

3^7 -2y + 5« = 14, 

2a? + y - 8« e 10, 
8«r -Sy + 2«»S8. 

27. A quadratic equation cannot have more than two 
roots. 

28. If aiW2 are the roots of the equation aa^-^ 6«v + c » 0> 
prove that 

Wi a?a 6* — 2ac 

29. The quantity a;* + oo? + 6 is always positive, what- 
ever be ^, provided a^ is less than 46. 

30. The same value of of satisfies the equations 

aa^ + 6d? + c = 0, 
and a V + fe'o? + c' « ; 
prove that (oc' — acy » {ab' - ah) (be — Vc). 

31. The same values of a? and y will satisfy the three 
equations, 

aw •\-by ^Cy 

a'w -h b'y = c' ; 
a"a; + 6"y « c''. 
if (a 5"- a"b')c + (o"6 - a6")c' + (o6'- a'6)c" - 0. 

32. If a^by c be any quantities in geometrical pro- 
gression, 

a* + 6* + c' is greater than (a - 6 + c)*. 

SS. If a' + 6« + c« = 1, and a'* + 6'* + c •- 1, then aa\ bb' 
+ cc is never greater than 1. 

84. If JP^ = -^: ^ ^^ i- , prove that 

1 • 2»». •••!* 
»*^r + fi+1-* r-l — n+ 1 *^r« 



TRIGONOMETRY. 



GENERAL QUESTIONS CONCERNING TRIGONOME- 
TRICAL FUNCTIONS. 

1. GivB the proper signs to sm{(2n + l)lB(P ^ 6] 
and cos {(2n + 1) 180^+ 0\, supposing to be less than 9(^^ 

2. Trace the sign of the quantity sin + cos 6, while 
changes from o to 360°. 

S. If be between 90^ and 180^, what are the proper 
signs of sinfiO, eos20, and tan20 ? 

4. Write down a formula for all angles the tangent of 
which is - tan 0. 

5. Write down a formula for all angles the cosine of 
which is « 1. 

6. Express all the trigonometrical functions in terms 
of the sine. 

7. Express the same in terms of the tangent, 

8. The same in terms of the versedsine. 

9* The same in terms of the suyersedsine, (or rersed- 
sine of the supplement.) 

10. If tan0 + cot 9 = m, express all the trigonometri- 
cal functions in terms of iit. 

11. Find sin from the equation sin 9 cos = m. 

12. If the right angle were divided into 100® instead of 
90^, what would be the value of an angle of S6^ 7' ? 
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IS. Determine the number of degrees into which the 
riglit angle must be divided in order that an angle of S(fi 
may be measured by the number 40. 

14. Shew that as the angle increases each of the 
trig^onometrical functions changes sign whenever it passes 
through the value or oo , and for no other value. 



FORMULJE INVOLVING FUNCTIONS OF ONE ANGLE. 

!• Prove the following formula : 
sind = sin {{2n + J) 180* - ^} = - sin {(2n + 1)180* + 9\ 

« - sin {(2n + 2)180* - 0], 
cos (360* - 0) = - cos (180* + 6), 
sin (90* + 0) = sin (90* - 0), 
tan0 = - tan (180* - 0) - - tan {(2n + 1) 180* - 0], 
= tan (180* + 0) = tan {{2n + 1) 180* + 0}, 
cosec = cosec {(2n + i) 180* - 0\, 
sec « sec (- 0) « sec (n . s6o* - ff), 
sin + cos + tan - sec = 0, when = 180*, 
sin e cot 6 = 1, when 0^0, 

sin - cos = 0, when = 45*, 

sin + cos = 0, when = 1S5*. 

2. If tan30 = -, then--^ + -v^x.(a? + fc¥. 

a cos sm 

3. From the equation sin (a - 0) « cos (a + 0), find 0, 

4. Eliminate between the equations, 

m = cosec - sin 0, 
« = sec - cos 0. 
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5. Give a general formula for all values of whicbi 
satisfy the equation 

COB0 - - 1. 

6. Eliminate and from the equations, 

cos a , . cos y - tan tan a 

cos»d -, cos<0 - — ^, and - — - - ; . 

cos^ ^ cos/3 tan0 tany 

7« Eliminate and from the equations, 

a sin* 0+6 cosP ■ i», 
6 sin' + a coa^ » n, 
and a tan d » 6 tan 0. 

8. If tan « - , find the value of a cos d + 6 sin d. 

a 



FORMULAE INVOLVING MORE THAN ONE ANGLE, 



1. Prove the following formulas: 



sin0> 


, 
2tan- 


1 + tfl.n» - 
2 


tand 


■ cot -2cot2d, 


sin0- 


f cos - \/l + sin 20, 


cosec 


20 + cot 20= cote, 


cot 


+ tan 0-2 cosec 2 0, 


2 cosec 20 = sec cosec 0, 


HAP (f^ 


_^^,_ sec08ec0 



I <r tan tan ' 
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1 - tan*- 

2 
COS0 = ^, 

1 + tan'- 
2 

sin 30 = 3 sin - 4 sin^ 9, 
tan (45« + 0) = V — ^ 

^ 1 - SI 



tan® - tan* = 



sin 20' 
Sin (0 - 0) sin (9 + (p) 



cos cos'' 
i ( 1 + tan 



1 +sin0 / ^ 9y 

= i 1 + tan - , 

1 + cos ^ \ 2j ' 



sm 89 + cos 30 2 sm 20 + 1 

~ « — , X tan (45« - 0), 

sm 30 -cos 30 2 sin 20-1 ^ ^ 

sin » =* 2 sin (n - 1)0 cos - sin (n - 2)0, 

8in*0 - sin*0 = sin (0 + <p) sin (0 - 0), 
2 sec 



sec*- 



2 1 + sec ' 

vers .90 

« tan*-, 



vers (180® - 0) 2 

1 - 2 sin* 1 - tan 
1 + sin20 1 + tan0' 

cos + sin . 

;— ^ « tan 20 + sec 20, 

cos - sin 

cos* {9 -¥<{>) ^ sin* + cos cos (20 + 0), 

.i f n 0\ 2 cosec 20 - sec 
cot* (^450 + - j 



sec0 = 



2 cosec 20 +sec0' 
2 



\/2 + \/2 + 2 cos 40 
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sind- 


■in* 


cot 


COB0- 


coa^ 


2 


1 - COS 6 


1 + C08 ' 


COS0 


f COS0 





„ — ^ ^ cot ^, 

COS - COS $ 2 i 

S(8an* 6 Bin* 4p + co8*flco^0) - 1 +'cob20co3 2^, 
C09{^ + B)8in(^-S) + C0B(5+C)Bin(B-0 
+ cos(C + 7>)8m(C-Z))+coB(/) + ^)BinC2>--<) = 
3 sin 6 - sin sd 
Ssind + ainSd' 



tan'- 



Ter8(l80«- 



= svcTB 9tf» + -1 vers 



(^-f)' 



Mn(0 +0) - sin - sin d - Bin (0 - 



i«i«*^ 



4Mn(0 •'tp)am(m$ - tp) coa {6 - mff) - 1 + C03(2fl -2m0) 
- cos (80 - 3^) - COS (2m0 - 2^). 

mt&n(a-6) n tan fl 



coa^e 
tan (a - ad) - 



COB* (a -6)' 
n — m 



Find tan $ from the equation 
m sin a cos (/3 + 9) 



4. If tanfl-MnS 



3in/3coB(a-e)' 

, find the value of chdd. 



5. If A, B, C, he three angles the values of which 
form an arithmetical progression, then 

sin ^ - sin C : cos C - cos A :: cos B : sin S. 
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6. If tan - = tan* -■ , and tan /3 = 2 tan 7, then y is 
an arithmetical mean between a and /3. 

7. If tand-tan^^^ and Sco8*0«m*-l, then 

2 ' 

2\« 



eoe'e + sin^e- (-] . 



8. Given sin ^ m &m(j>, and tan » n tan ^^ find 
sin 9 and cos (j>. 

9. Given sin (0 + a) = w sin 9, find in terms adapted 
to logarithmic computation. 

T/. ^ J 2 sin sin >^ ^, ^ _ ^ 

10. If tan <p =»— ^^ — — TV-, then tan 9, tan A, tan ylr 

^ sm (0 + y) ^ ^ 

are in harmonica! progression. 

11. If + + >/^ = (2n + 1)90°, 

tan tan >^ 4- tan \^ tan 9 + tan tan (p ^ 1, 
and 4 cos 9 cos ^ cos >/^ « sin 20 + sin 2 ^ + sin 2>//^. 

12. The tangents of two angles are ^ and ^ respec- 
tively, find the tangent of their sum. 

IS. Find 9 from the equation 

9 
tan - as cosec 9 — sin 9. 
2 

14. If cot « *s n cot (a - ai), then 

n - 1 . 

sin (a - 2«) « sin a. 

^ n + 1 

15. Express cos 50 in terms of cos 9 and its powers. 

16. Express tan 30 in terms of tan 0* 

17. Determine from the equation 

sina + sin (0 - a) + Biil(20 + a) - sm (0 + a) + sin (20 -- a). 

4—2 
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18. Und the values of which satisfy the equation 

aim* 36 + nn*6d- 8. 

19. Find 9 from the following, 

tan0 + scots^>and [l +taiidtaii^ . 

SO. If COS (5 - '!') COS - COS (d - ^ + x(f), then tan 0, 
tan A, tan ^p- are in harmonica! progression. 

an* lit . , , tan th 

91. Ill - . ,•; + cos* A cor »t, then sin ^ - - — i- . 
8m*0 r T T tan© 

3S. If cos - cos ^ cos >fr, then 

tan ^ tan i ■■ tan' ^ . 

Sis 

23. If tim <p - m an (9$ + <p), then 

tan (0 + A) - ^!l^ tan 0. 
S4. Find d from tiie following equation, 

COB 5 + cos 20 + cos 30 - 0. 
NUMERICAL VALUES OF FUNCTIONS 

1. Assuming that cos 30' = , prove that 

Bin + 8in(se»- e) + BinC72°+0) = sin(36»+ 0) +Bin(7»' -0). 

2. Prove that sin 1 5» = y^- , and thence deduce the 

9VS 
value of cos \ff>, chd 15*. and tan 15*. 

3. Sm 75» = T^ . 

2\/2 

*. Prove that 

sin IH" : sin 30" :: sinJO<i : sin 54". 

5, 2 cos 1 1" 15' = v/s + V's + y/s. 
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6. If tan d » - and tan » -, then + 2d> » 45^ 

7 ^ S ^ 

7. If tan 9 = — ^ and tan « ~7=» then sin (0 + d>) 

V 3 \/l5 

= sin 60* cos 36^. 
S. Prove that chd 120® - tan fitf*. 

9. If tan = - , and tan d> = — , then 

4 ^ - = 45^ 

10. Find the numerical values of sin 12®, cos 22^^, and 
cos 9*. 



SOLUTION OF, AND FORMULAE RELATING TO, 

TRIANGLES. 

I, In any triangle 

cot Am- cosec B - cot B. 
a 

sin* — + sm* — + sin — + 2sin — sin — sm — = l. 
2 2 2 2 2 2 

c c 

c^«s (a-^ by sin*— + (a - 6)* cos* — . 
sin -4 + sin 5 + sin (7 = 4cos — cos — cos — . 

2 2 2 

sin2u< + sin2J3 + sin2C»4sin^sin£sin C. 

A B C A B C 

cot— + cot — + cot — as cot — cot — cot — . 

2 2 2 2 2 2 

sin {A- B) : sin C :: a* - 6* : c*, 

2 sin* — = cos A + cos By 

c 2 

{a + 6) cos C + {a'\-c) cos 5 + (6 + c) cos -4 = a + 6 + c. 
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2. If JB be the radius of the circle drcumscribed about 
a given triangle ABC, and r the radius of the inscribed 
cirdci then 

r ■ 4JR sin — sm — sm — • 

2 £ 2 

S. In a plane triangle ABC, given the sum of the sides 
AC, BC; the perpendicular from the vertex C upon the 
base AB ; and the difference of the segments of the base 
made by the perpendicular ; find the sides of the triang^Ie. 

4. Given the vertical angle, the perpendicular let fall 
from the vertical angle on the base, and the rectangle under 
the segments of the bajse ; . find the remaining angles. 

5. If r be the radius of the circle inscribed in a 
triangle, and r^ r^ r, the radii of three other circles whieh 
touch the sides produced, then 

1111 
- = - + - + —. 

^ ^1 ^2 ^8 

6. In a right^ngled triangle, the lines drawn from the 
acute angles to the point of bisection of the opposite sides 
are a, /3, respectively ; find the angles. 

7*. In the triangle ABC, 

BC - 236 feet, angle ABC = 26^30', and angle ACB = 47^15', 
find the remaining sides. 

8. In the triangle ABC, 

AC « 5780 feet, AB » 7639 feet, and angle ABC = 43^ s'. 
Find the remaining side and angles. 

9. The angles of a triangle are as the niunbers 3, 4, 5, 
and the radius of the inscribed circle is known. Find the 
area of the triangle. 

10. A triangular field ABC, the sides of which are 
given, is to be divided into two parts in the ratio of 2 : 1, 
by a fence passing across from a given point D in AC to 
BC. Find its length, 

11. Find the area of a triangle, having given two angles 
and a side opposite to one of them. 



' ■ • JSfti^ 
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12. Given the distances from the angles, of the point 
at which the sides of a plane triangle subtend equal angles ; 
find the sides and the area. 

IS. The sides of a triangle are in arithmetical pro- 
gression, and the distance of the centres of the inscribed 
^nd circumscribed circles is a mean proportional between 
the greatest and the least ; shew that the sides are in the 

proportion of \/5 - l : \/5 : v^5 + 1. 

14. In a right-angled triangle, if the hypothenuse be 
divided into two segments a and y, by the line which bisects 
the right angle, and t « the tangent of half the difference 

i of the acute angles, then 

w : y :: 1 -h t : I — t. 

15. Given the angles of a triangle, and the radius of 
the inscribed circle, determine the sides. 

i6. The triangle ABC has its angles A, B, C in the 

_ Tfc ,11 A a + c 
proportion of 2 : 3 : 4. Prove that cos — « . 

17. The angles of a triangle are as the numbers 1, 2, 3 ; 
and the perpendicular from the greatest angle on the op- 
posite side is p. Find its area. 

18. Determine the triangle, whose sides are three con- 
secutive terms in the series of natural numbers, and whose 
largest angle is double of the least. 

19. If a, b, c be the sides of a triangle, p, q, r perpen- 
diculars from a point within the triangle bisecting the sides, 
prove that 

a b c abc 

- + - + -'=7 • 

p q r ifpqr 

20*. If lines be drawn from the angular points of a 
triangle to the middle points of the opposite sides, the 
. triangle will be divided into six equal parts. 

21. If a perpendicular be let fall from the vertex of 
any triangle on the base, the rectangle under the sides of 
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the triangle is equal to the reetangle under the perpendi- 
eular and the diameter of the eircumscribed circle. 

22. The hypothenuse of a right-angled triangle is less 
than the sum of the two sides by the diameter of the in- 
scribed circle. 

23. If two triangles have an angle of the one equal to 
one angle of the other, and also another angle of the one 
equal to the supplement of another angle of the other, the 
sides about the two remaining angles shall be proportionals. 

24. Given two sides of a triangle and the difference of 
the angles opposite to them ; solve the triangle. 

25. Given the area, the perimeter, and an angle ; solve 
the triangle. 

26. Given two sides of a triangle and the included angle, 
find either of the angles into which the given angle is 
divided by a line drawn from it to the middle point of the 
opposite side; and adapt the expression to logarithmic 
computation. 

27t The tangents of the angles of a triangle are in 
harmonical progression; given one of the sides, and the 
difference of the first and third angle ; solve the triangle, 

28, The perimeter of a triangle : the diameter of the 

ABC 

inscribed circle :: 1 : tan — tan — tan — . 

2 2 2 

29. Given the base, the vertical angle, and the differ- 
ence of the sides ; find the remaining angles. 

so. The sides of a triangle are in arithmetical pro- 
gression, and its area is to that of an equilateral triangle 
of the same perimeter as 3 : 5. Find the ratio of the sides 
and the value of the largest angle. 

SI. The area of any triangle is to the area of the tri- 
angle, the sides of which are respectively equal to the lines 
joining its angular points with the middle points of the 
opposite sides, as 4 : s» 
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S2« The angles of a plane triangle form a geometrical 
progression of which the common ratio is ^ ; express the 
greatest side in terms of the perimeter. 

33. In any triangle 

. . „ . ^ , , nA nB nC 
Sinn A + sin nB + sin nC ^ sii^cos — cos cos — , 

2 2 2 

if n is of the form 4m + 1, or 4m + S, and 

^ ^ . nA . nB . nC 
s sb 4 sm — sm — sm — , 
2 2 2 

if n is of the form 4m, or 4m + 2. 



FINDING OF HEIGHTS AND DISTANCES. 

1. A river AC, the breadth of which is 200 feet, runs 
at the foot of a tower CB, which subtends an angle BAC 
of 25® lo' at the edge of the bank. Bequired the height 
of the tower. 

2. The angles of elevation of a balloon wiere taken at 
the same time by three observers, placed respectively at 
the two extremities and at the middle point of a base 
measured on the ^earth's surface. Find an expression for 
the height of the balloon. 

3. In order to ascertain the height of a mountain, a 
base was measured of 2761 feet, and at either extremity of 
this base were taken the angles formed by the summit and 
the other extremity; these were 58^ 29' and 111° 52'; also 
at the extremity from which the latter angle was taken, 
the angular height of the mountain was 11^ 18'. Bequired 
the mountain's height. 

4. A person standing at the edge of a river observes 
that the top of a tower on the edge of the opposite side 
subtends an angle of 55^ with a line drawn from his eye 
parallel to the horizon ; receding 30 feet, he finds it to sub- 
tend an angle of 48^. Determine the breadth of the river. 
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ff. A peraou on a tower can see the top of a pillar of 
known altitude, from which he wbbes to know the distance, 

and the height of the tower. He can see also an olgeci on 
the horizontal plane from which be has formerly observed 
the angular distance of the top of the pillar from that of 
tiie tower. Shew how he may find the required distances, 
having with him an instrument for measuring angles. 

6. A. person on the top of a tower, the height of vrhich 
is Ao feet, observes the angles of depression of two olgects 
on the horizontal plane, which are in the same straight line 
with the tower, to be scfi and 45" respectively. Find their 
distances from each other and from the observer. 

7. Three objects A, B, C, form an isosceles triangle 
whose vertex is B, and whose angles are as the numbers 
4, 1, I ; an observer walking from A toward C, measures 
a base AD of a feet, and observes the angle BDC ; he then 
advances io E,b feet further, and observes that the angle 
BEC ' the supplement of BDC. From these observations 
find the sides of the triangle. 

8. A person walking from C to D on the horizontal 
road can pltunly see the summit of a hill A from every 
point except E, where he can just see it over a hill B. He 
measures EC, and at C observes the angles of elevation of 
B and A, as well as the angles ACB, ACE. At E he 
observes the angle AEC. Shew how to find the heights of 
the kills. 

9*. In ascending a tower of known height, a person 
observes from a window the angle of depression of a point 
in the horizontal plane upon which the tower stands ; when 
he arrives at the top of the tower he observes the angle 
of depression of the same point; shew how to find the 
height of the window above the ground. 

1 0. A person wishing to ascertain the height of a tower 
standing on a declivity, ascends 80 feet from its base, and 
it then subtends an angle of 30". The inclination of the 
side of the hill to the horizon being 15", find the height of 
the tower. 
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11. The elevation of a steeple standing on a hori- 
zontal plane is observed, and at a station a feet neurer to 
it its elevation is found to be the complement of the 
former. On advancing b feet nearer still, the elevation is 
found to be double the first ; shew that the height of the 
steeple is 

{(«+*)' -if- 

12. From the summit of a tower, the height of which 
is lOS feet, the angles of depression of the top and bottom 
of a column^ standing on the same horizontal plane with 
the tower, are observed to be SO^ and 6(fi respectively. 
Hequired the height of the column. 

13. The top of a tower is visible from three stations 
Ay B, C, in the same horizontal plane; at each of the 
sl^ations the angular distance of the top of the tower from 
each of the other two stations is observed ; given the dis- 
tance between J and B, and the height of the tower, it is 
required to find the distance of C from each of the other 
stations and from the tower. 

14. A person traveBing along a straight road observes 
the elevation of a tower, the nearest distance of which from 
the road is known. At the same time he also observes 
the angular distance of the top of the tower from an object 
in the road. Bequired the height of the tower. 

15. Describe the observations and calculations, neces- 
sary for determining the breadth of a river, from stations 
upon one of its banks. 

16. From a station B, at the base of a mountain, its 
summit A is seen at an elevation of 60^ ; after walking 
1 mile towards the sumniit, up a plane making an angle of 
3(fi with the horizon, to another station C, the angle BCA 
is observed to be 135^ Find the height of the mountain 
in yards. 

17. An object 6 feet high, placed on the top of a 
tower, subtends an angle the tangent of which is '015, at a 
place the horizontal distance of which from the foot of the 
tower is 100 feet ; determine the height of the tower. 
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ILLUSTRATIONS OF THE CIRCULAR MEASURE. 

1. Find the number of degrees, minutes and seconds, 

IT 

in the angles, the circular measures of which are — , l .5, 2, 

V + 1, and 3.14 respectively. 

2. Reduce to the circular measure the folloT¥iiigr 
angles ; 14«, 15« so', 120», 17^ 8', and ^""s'. 

S. J£ two-thirds of a right angle be assumed as the 
angular unit, what will be the numerical value of an ang^le 
of 45° ? 

4. Determine the angular unit by the assumption of 
which the following equation would be numerically true, 

. subtended arc 

angle - 2 -j-. . 

radius 

5. Find the circular measure of l'. 

6. It may be shewn, that if a very small angle 9 is 

0^ 
expressed according to the circular measure sin « — - 

o 

nearly ; what change must be made in the formula if is 

expressed in seconds ? 



MISCELLANEOUS PROBLEMS. 

1. Given three Unes drawn from any point within a 
square to three of its angular points ; determine a side of 
the square. 

2. Express the diagonals of a quadrilateral inscribed 
in a circle in terms of the sides. 

3, . The excess of the sine above the versed sine, in 
angles less than 90°, is greatest when the angle = 45°. Prove 
this and find the value of the maximum excess. 

4. In any quadrilateral figure, the square of one side 
is less than the sum of the squares of the other sides, by 



^..iK^i-'-m 
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twice the sum of the products of these sides taken two 
together and multiplied by the cosine of the angle between 
them. 

5. Find the angle at which a side of a pyramid is in- 
clined to the base, the sides being equilateral triangles, and 
the base a square. 

6. A vessel observed another a* from the North, sailing 
in a direction parallel to its own. In p hours its bearing 
was /3^, and in q horn's afterwards 7® from the North. To 
what point of the compass were the vessels sailing ? 

7. Three circles, whose diameters are \/3-l, \/s +1, 
and S - .y/i respectively, touch each other in the points 
A, B, C. Find the area of the triangle ABC. 

8. Two regular polygons of the same number of sides 
being described, the one within, and the other without, the 
same circle ; what will be the number of sides when the 
space included between the two polygonal boundaries is ^ 
of the interior polygon ? 

9. Coasting along shore, observed two head-lands : the 
first bore N.N.W., and the second N.E. by E. ; then steer- 
ing 12 miles in the direction E.N.E., the first bore N.W., 
and the second N.E. Shew how the bearing and distance 
of the two head-lands from each other may be found. 

10. Compare the areas of decagons inscribed in, and 
circumscribed about, a circle. 

11. A semicircle is divided into three arcs A, B, C, 
whose cosecants are in harmonical progression, shew that 

. A . C . A^B . 5-C 

sm -- : sm — :: sm : sin . 

C 2 2 2 

12. A regular polygon is described in a circle, and the 
tangent of half the acute angle which a side subtends at the 
circumference » t ; shew that a side of the figure : the dia- 
meter of the circle :: 2/ : 1 + f, 

IS. Required the perpendicular from the vertex upon 
the base of a triangular pyramid, all the sides of which are 
equilateral triangles of given area. 



1 
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14. A circle is iiueribed in an equilateral triangle, an 
equilateral triangle in the circle, a circle in the latter tri- 
angle, and ao on ad infinitum; if r, r,, ti, rg...be the radii 
of the circles, prove that 

r-r, +r, + T, + 

15. IS a, b, c, d he the four sides of a quadrilateral 
figure inscribed in a circle, and S»ma + b+e + d, and A 
be the angle contained by a and d, then 

^ f (^-a)(^-d) li 



and the area - \/{S -a){S- b) {S -c){S- d). 

i6. The udes of a plane triangle are as 3, 5, 6 ; com- 
pare the radii of the inscribed and circumscribed circles. 

17. If from any point O within a triangle, three straight 
lines be drawn from the angles J, B, C, meeting the oppo- 
site sides in a, b, c, then will 

Oa Ob Oc 
A^*Bb'*"ci''^' 

IS. In any right-angled plane triangle, twice the side 
of the inscribed square is an harmonica! mean between tlie 
sides containing the right angle. 

ig. Prove that the area of a regular polygon inscribed 
in a circle is a geometrical mean between the areas of an 
inscribed and of a circumscribed polygon of half the numi- 
ber of sides ; and that the area of a regular polyg<Mi cir- 
cumscribed about a circle, is an harmonical mean between 
the areas of an inscribed one of the same number of sides, 
and of a circumscribed one of half that number. 

SO. If the side of a pentagon inscribed in a circle be 
1, the radius is 



^/ sWs 



21. Given the radius of the circumscribed circle, and 
the three angles of a triangle; find expressions for the 
three sides. 



^4 
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S2. If R, r be the radii of the circumscribed and in- 
scribed circles of a regular polygon of n sides, and R\ r the 
corresponding radii for a regular polygon of fin sides, and 
of the same perimeter as the former, then 

Rr' - iI'^ and J? + r = 2/. 

23. An indefinite area can be divided into no other 
regular figures than triangles, squares, and hexagons. 

24. If A, By C be the angular points of a triangle, a, 
6, c points in the sides respectively opposite to them, prove 
that the lines J a, Bb, Cc will intersect in a point, if 

Ac Ba Cb 
Tb^'B^^C^''^' 

25. If R, r be the radii of circles circumscribed about 
and inscribed in the same plane triangle, prove that the dis- 
tance between the centres of the circles « \/if*— 2ifr. 

26. Adapt to logarithmic computation the expression 

V a — b \/a + b 
a + 6 a — 6 

27. In the equation 

na « (\/l +af -l) (v/l -07 + 1), 

prove that if « = tan - , o? == sin 2a. 

28. If a quadrilateral is capable of having a circle in- 
scribed in it, the sums of the opposite sides are equal to one 
another ; and if, besides, it is capable of having one circum- 
scribed about it, its area equals the square root of the con- 
tiaued product of the sides. 

,9» If «J54^ =^^4^. shew that 

sm j3 sm d 

cot /3 - cot = cot (a -H 0) + cot (a - j3). 
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SO. Shew that 

f^ 9 ^ 2^+0 ^ 4ir+0\ / ,27r+0 Jir-^0\ 

(tan-+tan +taii cot-+cot +cot--- 1=9. 

\ 3 8 8 J \ 8 3 3 J 

31. A lamp on the top of a pole 32 feet high is just 
seen by a man six feet in height, at a distance of 10 miles ; 
find the earth's radius. 

32. A ship, the height to the summit of the top mast 
of which from the water is 90 feet, is sailing directly toyvarda 
an observer at the rate of 10 miles an hour ; from the time 
of its first appearance in the offing till its arrival at the sta- 
tion of the observer is l hour 12 minutes : find approxi- 
mately the earth's radius. 
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COMPOSITION AND RESOLUTION OF FORCES. 

1. Three forces acting in the same plane keep a point 
at rest ; the angles between the directions of the forces are 
135°, 120^ and 105° ; compare their magnitudes. 

2. Two forces sustain each other by means of a string 
passing over a tack ; prove that either force : pressure on 
tack :: ^ : cosine of half the angle between the directions 
of the forces. 

S. A body is suspended from a given point in a hori- 
zontal plane, by a string of known length, which is thrust 
out of its vertical position by a rod (without weight) acting 
from a given point in the plane against the body ; find the 
tension of the string. 

4. If 9 be the angular distance of a body from the 
lowest point of a circular arc in a vertical plane, the force 
of gravity in the direction of the arc : that in the direction 



of the chord :: 2 cos - : 1. 

2 

5. AB is a given horizontal line, BC a rod without 
weight moving freely in a vertical plane about JB. A 
weight is suspended by a string fixed at J and passing 
over the end C of the rod. Find the position of equi- 
Hbrium. 

6. A string PAQ is knotted to a fixed point A, and 
drawn in different directions by the forces P and Q, in such 

a manner that the pressure on J = ; find the angle 

2 

PAQ. 
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7. Two forces are in the ratio of 3 : 2 ; find the angle 
between their directions, when the resultant is a mean pro- 
portional between them. 

8. Ten men of equal strength wishing to pull down a 
tree of given height, and at the same time to avoid all 
danger from its fall, fix two ropes at its top, one of which 
reaches the ground making an angle of 6(/^ with the tree, 
and the other 45^ If four men pull at the former towards 
the south, and six at the latter towards the south-east^ to- 
wards what point of the compass will the tree fall ? 

9. Given the resultant of two forces, their suxa, and 
the angle between their directions ; find the forces. 

10. Three forces acting upon a point, keep it at rest ; 

and they are in the ratios of \/s + 1 : \/6 : 2. Find the 
angles at which they are respectively inclined to each 
other. 

11. A small ring is attached to one end of a string of 
given length, the other end of which is fixed to a given 
point. Another string is fixed to a g^ven point in the same 
horizontal line as the former, and this string passing 
through the ring supports a weight; find the position of 
the ring. 

12. Four forces represented by l, 2, 3, and 4, act in 
the same plane on a point. The directions of the first and 
third are at right angles to each other ; and so are the 
directions of the second and fourth ; and the second is in- 
clined at an angle of 60^ to the first. Find the magnitude 
and direction of the resultant. 

13. A circular hoop is supported in a horizontal posi- 
tion, and three weights of 4, 5, and 6 pounds respectively 
are suspended over its circumference by three strings 
knotted together at the centre of the hoop. Find the an- 
gles between the strings when there is equilibrium. 

14. Two equal weights are supported by a string which 
passes over three tacks, forming a vertical isosceles triangle 
of which the base is horizontal and the angle opposite tc 
the base I2(fi. Find the pressure on each of the tacks. 
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15. Three forces represented by the numbers S, 5, 9 
CEinnot under any circumstances produce equilibrium upon 
a point. 

16. If three forces in equilibrium upon a point are 
represented by the numbers 3, 4, 5, respectively, two of 
them are perpendicular to each other. 

17- The resultant and sum of two forces being given, 
and also the angle which one of them makes with the 
resultant; it is required to detennine the forces and the 
angle at which they act. 

PRINCIPLE OP THE LEVER. 

1. AC, CB are the equal arms of a straight lever whose 
fulcrum is C: to Ca heavy arm CD is fixed perpendicular 
to AB. Prove that if a weight be suspended to the extre- 
mity Af and the system be in equilibrium, the tangent of 
the inclination of CD to the vertical will be proportional to 
the weight. 

2. Four weights, i, 3, 7, 5 are placed at equal distances 
on a straight lever. Determine the fulcrum. 

3. There are n weights, Wi, TFg W^» in geometrical 

progression, and W^ placed at A, one extremity of a lever, 
balances TFi placed at B, the other extremity. Prove that 
a weight equal to the first w - 1 weights, if placed at A, will 
balance a weight equal to the last n - l, if placed at B, 

4. The lever AC (without weight) turning about the 
fiilerum C, has two given weights W, W suspended from 
the extremity A and the middle point B respectively, and 
is kept at rest by the given weight P acting at A by means 
of a string passing over a tack at D : CD is horizontal and 
equal Uy AC: find the position of equilibrium. 

5. A uniform bent lever, when supported at the angle, 
rests with the shorter arm horizontal. If the shorter arm 
were twice as long, it would rest with the other horizontal. 
Compare the lengths of the arms, and find the angle be- 
tween them. 

6—2 
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6. A straight lever of uniform thickness, the length 
and weight of which are given, has two weights P aiid Q 
attached to its extremities, and is sustained partly by a fill* 
crum at a given point, and partly by another McAim. on 
which it presses with a given force ; required the position 
of this latter fulcrum. 

7. A uniform bent lever ABC^ containing a given angle 
at J3, and having its arms of given weights and lengths, 
hangs freely by the extremity A\ find the position of 
equUibrium. 

8. A straight lever is sustained on a fulcrum at the 
middle point, and is kept at rest by two given weig^hts ; 
where must they be placed, in order that the distance of 
the one from the fulcrum may equal the distance oF the 
other from the extremity ? And where must the fulcrum 
be placed, if the position of the weights be reversed ? 

9. A uniform rod of given weight and length sus- 
pended at a given point, is drawn out of the vertical position 
by a given force, acting upon its lower extremity by means 
of a string, which passes over a peg at a given point in the 
same horizontal line with the axis of suspension ; find the 
angle through which the rod is drawn. 

10. Two weights, 3 and 4, balance on the extremities 
of a lever 4 feet long ; find the fulcrum. 

11. A uniform beam of given weight and length is 
moveable about its middle point ; a given weight is hung 
by a string to one end ; find to what extent the other end 
of the beam must be lengthened in order that there may 
be equilibrium. 

12. In question 8, page 66, determine the moment of 
the force which is effective in pulling down the tree. 

13. A bar weighs a oz. per inch. Find its length when 
a given weight na^ suspended at one end, keeps it in equi- 
librium about a fulcrum at a distance of 6 inches from the 
other end, 

14. A beam, 50 feet long, balances about a point at one 
third of its length from the thicker end ; but when a weighl 



STATICS. 



69 



■ of 10 lbs. is suspended from the smaller end, the fulcrum 
P must be moved 2 feet towards it in order to maintain equi^ 
libriiun. Find the weight of the beam. 

15. At what point of a tree must a rope of given 
length be fixed, so that a man endeavouring to pull down 
the tree may have the greatest advantage ? 

16. A imiform beam 18 feet long, rests in equilibrium 
upon a fulcrum 2 feet from one end, having a weight of 
5 lbs. at the end fiu*thest from the fulcrum and one of 
110 lbs. at the other. Find the weight of the beam. 

17*. Three equal rods without weight are attached 
together, each by one extremity to the extremities of the 
other two, so as to form a rigid framework; the rods 
make equal angles with each other, and the framework is 
suspended in a vertical plane by a pivot at its centre ; if 
three weights be suspended from the outer extremities of 
the three rods find the position of equilibrium. 

18. One end of a beam is connected with a fixed 
point by a hinge, about which the beam can revolve in a 
vertical plane ; the other end is attached to a weight, by 
means of a string passing over a tack in the same vertical 
plane ; find the position of equilibrium. 

MECHANICAL POWERS. 

1. What force must be exerted to sustain a ton 
weight on a screw, the thread of which makes 158 tiu*ns in 
the course of 12 inches, and which is acted on by an arm 
6 feet long ? 

2. In the annexed systems of pullies, compare P and W. 
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S. A weight W is sustained upon an inclined plane by 
a force P, acting by means of a wheel and axle, placed at 
the top, in such a manner that the string attached to the 
weight is parallel to the plane. Given R and r the radii 
of the wheel and axle, find the inclination of the plane. 

♦. What force ia necessary to support a weight of 
60 lbs. on a plane inclined at an angle of 60" to the horizon, 
the force acting horizontally? 

5. Find the angle at which a given force must act, in 
order that it may just support a given weight on a given 
inchned plane. 

6. When a given weight is sustained on a given in- 
clined plane by a force in a given direction, find the pres- 
sure on the plane. 

7- Given the weight, and the magnitude and directJon 
of the sustaining force ; Snd the angle of the plane. 

8. Find the ratio of P to If in the various systems of 
pullies, taking into account the weights of the pullies. 

9. Find the ratio of P to W in the single moveable 
pully, the strings making a given angle a with the horizon. 

10. In the second system of pullies, if there be ten 
strings to the block, what power will support a weight of 
1000 lbs. ? 

1 1. In the third system of pullies, there being 6 pullies, 
what weight can be supported by a weight of 12 lbs. ? 

12. What must be the length of a lever at the ex- 
tremity of which a force of 1 lb. will support a weight of 
1000 lbs. on a screw ; the distance between two contiguous 
threads being ^ inch ? 

13. Two weights sustain each other on two inclined 
planes having a common altitude, by means of a string 
parallel to the planes ; compare the pressures on the planes. 

14. In the third system of pullies, there being 8 equal 
heavy pullies, find the ratio of the weight of one of the 



STATICS. 71 

pullies to the weight supported, in order that the latter 
may be supported by the weight of the pullies alone.' 

15. What weight is that, which it would require the 
same exertion to lift as to draw a weight of 4 lbs. up a 
plane inclined at an angle of 30° to the horizon ? 

16. On an inclined plane the pressure, force, and 
weight are as the niunbers 4, 5, 7 ; find the inclination of 
the plane to the horizon, and the inclination of the force's 
direction to the plane. 

17. Find the inclination to the horizon of the thread of 
a screw, which with a force of 5 lbs. acting at an arm of 

2 feet can support a weight of 300 lbs. on a cylinder of 

3 inches radius ? 



FRICTION. 

1. If the inclination to the horizon of a plane on 
which a body is placed, is slowly increased till the body 
begins to move, its tangent, at the instant of the com- 
mencement of motion, is equal to the coefficient of friction. 

2. A given force (P) acting parallel to the horizon, 
just sustains a body of given weight (W) on a rough in- 
clined plane, the angle of which is 0. The same body wiU 
just rest without support on a plane, of the same material, 
the inclination of which is a. Determine 6. 

3. A heavy body is to be conveyed to the top of a 
rough inclined plane, the angle of inclination being a; 
prove that if the coefficient of friction be greater than 

sin Us' - 1] 

^ , it will be easier to lift the body than to drag 
sin (45® + 

t up by means of a cord parallel to the plane. 



CENTRE OF QEAVITY. 



1 



1. Out of a square it is required to cut a triangle 
having one side for its base, such that the centre of gravity 
of the remainder shall be in its vertex, 

2. The sum of the products of the weights of an; 
number of particles by the squares of their respective dis- 
tances from a given point, is less when that point is the 
centre of gravity of the system than when it is any other. 

S. The locus of the centres of gravity of all right- 
angled triangles on the same hypotbenuse (a) is a circle of 

radius-. 
6 

4. Determine the length of a straight line drawn 
through the centre of gravity of a given isosceles triangle, 
making a given angle with the base, and terminated by 
the sides. 

5. Three weights of 1, 3, and 3 lbs. are placed at the 
comers of an equilateral triangle ; determine the distance 
of their centre of gravity from each of the comers of the 
triangle in terms of the length of the side. 

6. Two weights of 5 and 7 lbs. are connected by a 
rod without weight measuring 6 feet, find their centre of 
gravity, and determine the change which will take place in 
its position if 1 lb. be added to the smaller weight. 

7. If the sides of a triangle JBC be bisected in the 
points D, E, F; the centre of the circle inscribed in the 
triangle DEF will be the centre of gravity of the peri- 
meter of the triangle ABC. 

8. CA and CB are the arms of a uniform bent lever ; 
determine the distance of the centre of gravity from C, in 
terms of the lengths of the arms and the angle ACB. 

9. If G be the centre of gravity of the triangle ABC, 
then 

3(G^' + GB" + GC) = AB' + AC^ BC 
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10. If the sides of a triangle are 3, 4, and 5; determine 
the distance of its centre of gravity from either of the 
angles. 

11. If three equal bodies are placed in the comers of a 
triangle, their centre of gravity coincides with that of the 
triangle. 

MISCELLANEOUS PROBLEMS. 

1. A uniform beam AB, of. given weight, is moveable 
in a vertical plane round a hinge at A^ and is kept in a 
given position by a weight P, acting by means of a string 
attached to the beam at B, and passing over a pully at (7, 
a point in the same vertical line as A. Find P. 

2. A solid cone of given weight and having a base of 
given radius, stands upon a plane inclined at an angle of 30° 
to the horizon and is prevented from sliding ; determine its 
height so that it may just not fall over. 

5. A string having its extremities fastened to the ends 
of a uniform bar of known weight, passes over four tacks 
so as to form with the bar a regular hexagon, the bar being 
horizontal. Find the tension of the string, and the vertical 
pressure on each tack. 

4. Two weights P and Q balance each other upon the 
surface of a sphere by a string of given length, passing over 
the highest point. Required the position of equilibrium. 

5. Two weights sustain each other upon two inclined 
planes having a common altitude, by means of a string 
which is attached to each ; find their position, taking into 
account the weight of the string, which is supposed to be 
uniform. 

6. AD is horizontal, /)C? vertical, Q a weight connected 
with one extremity of a beam AB (moveable in a vertical 
plane about the point Ay) by a string passing over a pully 
at C in such a manner that CB is vertical. Find the re- 
lation between Q and the weight of the beam. 
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7. A weight W is sustained on an inclined plane by 

p 

three forces, each equal to — , one acting vertically upwards, 

s 

another parallel to the plane, and the third parallel to the 

horizon ; required the plane's inclination. 

8. If three parallel forces acting at the angular points 
Af B, C of SL triangle be respectively proportional to the 
opposite sides a,b,c; prove that the resultant may be sup- 
posed to act at a point, the distances of which from the 
points A, B, C are respectively 

2 bo A 2ca B . 2ab C 

cos — , ' cos — , and cos — . 



a^b-^c 2 a + 6 + c 2 a + 6 + c 2 

9. Two uniform beams, of given weights and lengths, 
have their upper extremities in contact with two smooth 
parallel vertical planes; and their lower extremities act 
upon each other. Required the distance between the planes 
when the beams rest at right angles to each other. 

10. A uniform rod of given weight and length, has a 
weight attached to a certain point of it, and is placed with 
one end against a smooth vertical wall, the other upon a 
smooth horizontal plane ; find the position of the weig'ht, 
when a given horizontal force is just sufficient to prevent 
the rod from sliding when in a g^ven position. 

11. A uniform beam AB^ of given length and weight, 
rests with one end on a given inclined plane, and the other 
attached to a string AFP passing over a pully at F given 
in position. Knowing the weight P fixed to the other end 
of the string, find the position in which the beam rests. 

12. AC and BD are two beams, of given weights, move- 
able in a vertical plane about the fixed points A and B in 
the same horizontal line ; BD rests upon ^C as a prop. 
Find the position of equilibrium. 
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ELEMENTARY PRINCIPLES. 

1. A BODY passes uniformly over a distance' of 200 
yards in the time l**. 6": what is the numerical value of its 
Telocity, according to the usual conventions respecting the 
units of space and time ? 

2. A body is observed to describe uniformly a feet in 
n seconds ; supposing the unit of time to be l minute, what 
must be the unit of distance in order that the numerical 
value of the body's velocity may be l ? 

3. A man walks with a velocity represented by 2, and 
he finds that he walks 7 miles in 2 hours ; if 1 foot be the 
unit of length, what is the unit of time ? 

4. A particle is moving with such a velocity, and in 
such a direction, that the resolved parts of its velocity in 
the directions of two lines perpendicular to each other are 
respectively S and 4 ; determine the direction and velocity 
of the particle's motion. 

5. If 1 yard be taken as the unit of length, and l 
minute as the unit of time, what wiU be the numerical value 
of the accelerating force of the earth's attraction ? 

6. A body is proceeding uniformly along a certain 
straight line ; suddenly it is observed to move off with un- 
altered velocity in a direction making an angle of 60^ with 
the former direction of its motion ; determine the direction 
and the accelerating force of the impulse to which this 
change of the motion is due. 

7. If 1000 oz. be taken as the unit of weight, what will 
be the weight of the body the mass of which is numerically 
equal to unity ? 
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8. ^ is a more powerful and a heavier man than B ; 
the greatest weights which they can lift are as 8 : 7, and 
their own weights are as 7 : 6. Which is likely to be the 
faster runner of the two ? 



FALLING BODIES. 

1. Find the depth of a well bj dropping a stone into 
it, the velocity of sound being supposed to be knoiirn^ 

2. A body is projected upwards with a Telocity iirliich 
will carry it to a height Zg feet ; after how long a time wiU 
it be descending with a velocity g? 

8. Find the velocity with which a body must be pro- 
jected upwards from the foot of a tower, so as to meet half- 
way another body let fall at the same time from the top of 
the tower. 

4. A baUoon is ascending vertically with a given Telo- 
city, and a body is let fall from it, which reaches the ground 
in t" : find the height of the balloon at the moment of the 
body leaving it. 

5. A body is observed to fall the last a feet of its de- 
scent from rest in t" : find the height from which it felL 

6. A body has fallen through a distance of half a mile; 
what was the space described in the last second ? 

7. The space described in the fifth second of its fall 
was to the space described in the last second but four as 
1:6; what was the whole space described by the body ? 

8. A body is projected upwards with a velocity of 64 
feet in l'' ; how far will it ascend before it begins to return? 

9. With what velocity must a stone be projected from 
the top of a tower, 250 yards above the sea, that it may 
reach the water in 6" ? 
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10. A body falls through a distance a feet at two dif- 
ferent places on the earth's surface ; and it is observed that 
tlie time of falling is t" less, and the velocity acquired m 
feet greater at one place than at the other : compare the 
force of gravity at the two places. 

11. A stone dropped from a bridge strikes the water 
in 2^"; what is the height of the bridge ? Also, if the 
stone be projected downwards with a velocity of 3 feet per 
second, in what time will it strike the water ? 

12. Two balls are projected at the same instant towards 
each other, from the two extremities of a vertical line, each 
with the velocity which would be acquired in falling down 
it. Where will they meet ? 

IS. A falling body is observed to describe in the n*^ 
second of its fall a space equal to p times that described in 



the n — l|"*: required the whole space described. 

14. A body is projected vertically upwards, and the 
time between its leaving a given point and returning to it 
again is given; find the velocity of projection and the 
whole time of motion. 

MOTION ON AN INCLINED PLANE. 

1. Determine the velocity with which a body must be 
projected down an inclined plane, that it may describe the 
plane in the time in which the altitude would be described 
by a body falling from rest. 

2. The length of an inclined plane is 400 ft., its height 
250. A body faUs from rest from the top of the plane ; 
what space will it have fallen through in s".5? and what 
velocity will it have acquired, when it is within 50 feet of 
the bottom of the plane ? 

3. In an inverted parabola the time of descending 
down any chord from a point in the curve to the vertex, 
is equal to the time of falling freely to a horizontal line 
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which is at a distance below the vertex equal to the latos 
rectum. 

4. A body being projected down an inclined plane with 
the velocity which would be acquired in falling down its per- 
pendicular height, the time of descent is found to be that 
of falling down the height. Required the plane's inclination. 

5. Determine that diameter of a vertical circle, down 
the latter half of which a body falls in the same time as 
down the whole vertical diameter. 

6. Two bodies A and B descend from the same extre- 
mity of the vertical diameter of a circle, one down the 
diameter, the other down the chord of 30°. Find the ratio 
of J to £ when their centre of gravity moves down the 
chord of 120°. 

7. Determine that point in the hypothenuse of a right- 
angled triangle, having its base parallel to the horizon, from, 
which the time of a body's descent down an inclined. plane 
to the right angle is least. 



FALLING BODIES CONNECTED BY A STRING. 

1. Twelve pounds weight is so distributed at the extre- 
mities of a string passing over a pully, that the more loaded 
end descends through 7 feet in as many hours. What weight 
is at each end of the string ? 

2. With what weight must a given weight W be con- 
nected by a string passing over a single fixed pully, so as 
to describe the same space in a given time as when it de- 
scends freely down a given inclined plane ? 

« 3. A weight of lolbs. is attached to one end of a 
string ; find the weight which must be attached to the other, 
in order that when the system is suspended from a fixed 
puUy, the accelerating force may be half that of gravity. 

4. Two weights connected by a string passing over a 
pully are in motion, and it is observed that the space through 
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which the heavier descends in the n*'' second f5rom the com- 
mencement of the motion is a feet ; compare the weights. 

5. A hucket is raised from a well of unknown depth 
by means of a weight ( W) connected with it by a string 
and descending over a pully, and the bucket is raised in 
T seconds ; when a weight W is substituted for W, the 
time of raising the bucket is found to be T seconds ; from 
these data calculate the weight of the bucket and the depth 
of the well. 

6. A given inclined plane has a pully at its highest 
point, over which a string passes connecting two weights, 
one of which rests on the plane and the other hangs freely ; 
having observed the velocity with which the system moves, 
determine what would be the velocity if the two weights 
were made to change places. 

7. P draws Q up a given inclined plane by means of a 
string and pully, P falling vertically ; where is Q when its 
position is such that the string being cut it will just reach 
the top of the plane ? 

PROJECTILES. 

1. A number of balls of given weight are projected at 
the same instant in given directions with given velocities ; 
find the height of their centre of gravity at a given time. 

2. A convoy moving uniformly along a road which runs 
east and west, is perceived at the instant it is due south of 
a battery ; at what elevation, and towards what point of the 
compass, must a cannon be fired at the same instant, so as 
just to hit it? (The velocity with which the ball issues 
from the cannon's mouth is supposed to be known.) 

8. A body projected in an oblique direction along a 
smooth inclined plane, will trace out a parabola upon the 
plane. 

4. Determine the angle of projection for which the 
horizontal range will be greatest, the velocity of projection 
being given. 
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5. If the velocity of projection be given, detennine the 
angle so that the focus of the parabolic path may be in the 
horizontal plane through the point of projection, 

6. A body is projected at an angle of 30^ to the horizon, 
and with the velocity which would be acquired in falling 
through a vertical height of 10 feet, determine the latus 
rectum of the parabola described. 

7. The latus rectum of the path of a projectile is a, 
and the horizontal range 6, determine the velocity and di- 
rection of projection. 

8. Determine the angle of projection so that the hori- 
zontal range and the latus rectum may be equal. 

9. A ball fired from a gun just clears a wall of known 
height, and on picking up the ball it is found that the dis- 
tance from the wall of the point at which it fell is exactly 
equal to the distance from the wall of the person who fired 
the gun; supposing this distance ascertained, determine 
the angle of elevation of the gun. 

10. A man fires a ball into the air, wishing it to fall at 
a certain point; he finds however that it falls only half 
way ; he accordingly elevates his gun through an angle of 
15^ and the ball now falls exactly at the point desired. 
Find the original elevation of the gun. 

11. One boy {A) throws a ball to another (S). B en- 
deavours to throw it back, and projects it at exactly the same 
elevation as J, but the ball only reaches |^ths of the re- 
quired distance ; compare the strengths of A and B. 

12. A projectile is observed to strike the ground at an 
angle of 45^ and is ascertained to be moving at the instant 
of impact with a velocity of 400 feet per second ; determine 
the position of the focus and the latus rectum of the para- 
bolic path. 

13. A body is projected from a point in a plane inclined 
at a given angle to the horizon ; find the angle of projection 
in order that the focus of the parabolic path may be in the 
inclined plane. 
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14. A body is projected in a given direction, and with 
a given Telocity, from a point in a plane making a given 
angle with the horizon ; determine the distance of the body 
from the plane at any time {t), and the time which elapsea 
before the body strikes the plane. 

15. A body is projected from a point in an inclined 
plane, with a velocity V and at an angle a with the horizon ; 
prove that, if /3 be ike angle of the plane, the range on the 

inclined plane = r-^ \ain(2a - fl) - sin i3J ; and hence 

shew that the range is greatest when a « 45° + ^ • 

16. A body is projected with a given velocity along an 
inclined plane of given length ; find the latus rectiun of thQ 
parabola described by the body after leaving the plane. 

17. Find the velocity and direction of projection of a 
ball, that it may be 100 feet above the earth at one mile 
distance, and may strike the ground at a distance of three 
miles. 



IMPACT. 

1. The centres of two elastic balls M and JIf' move 
along the same straight line with velocities V and V respec- 
tively. Find the velocity of each after impact, when 

6M - 5M\ K= 7 feet per second, 4 F + 5 F' = 0, and 

modulus of elasticity = |^. 

2. Two equilateral triangles are placed in the same 
vertical plane, and with their bases at a given distance from 
each other upon the same horizontal line : an inelastic 
body falls down the side of the first, moves along the space 
between the bases and up the side of the second triangle, 
the vertex of which it just reaches ; given the side of the 
first triangle, find that of the second, and likewise the whole 
time of motion. 

6 
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s. A perfectly elastic ball is let fall from a g^ven point 
in the directrix of a parabola, the axis of which is vertical, 
and is reflected at the curve ; determine the latus rectum 
of the parabola described. 

4. The position of a ball on a triangular billiard table 
being given; it is required to shew that there are three 
directions, in any one of which if the ball be struck, it will 
pursue the same course after being twice reflected at each 
side. The ball to be considered perfectly elastic. 

5. PQ is a vertical line terminating in a hard hori- 
zontal plane at Q ; a perfectly elastic ball being dropped 
from P meets another perfectly elastic ball rebounding^ with 
a known velocity from Q, and both are reflected back ; find 
where they must meet in order that they may thus rebound 
from one another continually. 

6. A and B are two balls of given elasticity ; what 
must be the magnitude of a third ball, in order that the 
velocity communicated from ^ to jB by the intervention of 
this ball may be equal to that communicated immediately 
from ^ to jB ? Determine also the limits within which the 
problem is possible. 

7. Two balls are projected at the same instant from 
two given points in a horizontal plane, and in opposite di- 
rections, so as to describe the same parabola. What must 
be their relative magnitude, and their elasticity, in order 
that one of them may return through the same path as 
before, and the other descend vertically after impact ? 

8. A perfectly elastic body is projected from a point 
in a plane inclined at an angle a to the horizon ; determine 
the angle at which it must be projected so that after strik- 
ing the plane it may be reflected vertically upwards. 

9. If the modulus of elasticity be |-, at what angle 
must a body be incident on a hard plane, that the angle 
between the directions before and after impact may be 
a right angle ? 
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10. An inelastic body is projected from one angle 
along the side of a hexagon ; and it moves in the interior 
of the hexagon, describing the different sides in succession ; 
prove that the time of describing the first side : time of 
describing the last :: 1 : 32. 

11. An imperfectly elastic body descending vertically 
from rest, meets a horizontal plane, which is moving uni- 
formly in an opposite direction ; given the distance between 
the body and the plane at first, and the modulus of elasti- 
city, find the velocity of the plane, so that the body may 
return to the point from which it fell. 

12. A number of elastic balls are placed in a right 
line. The first is made to start with a given velocity; 
determine the ratio of the balls, so that its momentum may 
be equally divided among the remainder. 

13. If an elastic ball be projected at an angle d and 
with velocity F; prove that the sum of all the horizontal 

ranges 

r* sin 20 

14. Two elastic balls A and J?, (such that J ^ SB) are 
placed on a horizontal table. A impinging on B at rest 
drives it perpendicularly against a hard vertical plane, and 
it meets A in returning at half its original distance. Find 
the modulus of elasticity. 

15. P and Q are two weights connected by a string 
passing over a fixed pully, whereof P is the greater ; at the 
end of /' an additional weight (q) is suddenly affixed to Q. 
Find the velocity of P at any assigned time. 

16. A ball (elasticity e) is projected frotn a given point 
in the circumference of a circle : after being reflected twice 
at the circumference it returns to the point of projection. 
Required the direction of projection. 

6 — 2 
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17* Prore that if a bodj be projected firoia one ex- 
tremity of the diameter of a circle, in a direction making 
an angle with the diameter anch tbat the body after 
one reflexion at the cunre passes through the other exr 
tremity, then 



'^ 



sin « \/ : (e the modulus of elasticity.) 

18. If two perfectly elastic balls, the masses of which 
are in the ratio of l : d, meet directly with equal relocities, 
the krger one will remain at rest. 



MISCELLANEOUS PROBLEMS. 

1. A body^ projected in the direction of a uniform 
force, describes P and Q feet in the p^ and q^ seconds 
respectively. Find the magnitude of the force and the 
velocity of projection. 

2. Find the velocity acquired by an inelastic body de- 
scending through a system of three planes, the first being 
vertical, the second inclined at 45®, and the third at 15° to 
the horizon. 

8. Find the elasticity of two bodies A and B, and their 
proportion to each other, so that when A impinges upon B 
at rest, A may remain at rest after impact, and B move on 
with an n^^ part of J's velocity. 

4. Two weights are connected by a string which passes 
through a hole in a horizontal plane, one rests upon the 
plane, the other falls under the action of gravity ; deter- 
mine the motion. 

5. Uniform force is defined as that which generates 
equal velocities in equal timea ; would it be correct to define 
it as that which generates equal velocities while the bodj 
moves through equal spaces ? 



.. 1 ',f 
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6. A rocket ascending vertically, with an initial velo- 
city or 100 feet per second, explodes when at its greatest 
height; the interval between the sound of the explosion 
reaching the place of starting and a place a quarter of a 
mile distant is l second. Determine the velocity of sound. 

7* An inelastic body moving along the interior of 
a regular polygon, will describe all the sides uniformly, if it 
commences moving uniformly; but the velocities with 
which it describes the successive sides will decrease accord* 
ing to a geometrical progression. Prove this, and in the 
case of a hexagon find the ratio of the velocities with which 
the first and last sides are described. 



We subjoin here a few illustrations of the formula for 
the time of oscillation of a pendulum. If the length of the 
pendulum be /, and the bob be made to describe a cycloidal 
arc, or the aire of vibration be so small that the difference 
betweeju it and a. cycloidal arc may be neglected, the for- 
mula for the time of a semi-vibration is 

g 

It will be assumed, that above the earth^s surface the 
force of gravity varies inversely as the square of the dis- 
tance from the earth^s centre; so that if ^' be the value of 
gravity at a small height h above the earth's surface, and R 
the earth's radius, 

Also it will be assumed, that within the earth the force 
of gravity varies directly as the distance from the centre ; 
so that if g' be the value of gravity at a small depth d 
below the earth's surface. 



R-d [ d\ 
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PROBLEMS RELATING TO THE PENDULUM. 

t 

1. The length of the seconds' pendulum at Liondon 
being 39.1393 inches, calculate the accelerating^ force of 
gravity. 

S. A pendulum which beats seconds accurately on the 
earth's surface, loses 30 seconds in 24 hours when carried to 
the top of a mountain. Determine the mountain's height^ 
supposing the earth's radius to be 3958 miles. 

3. At what depth below the earth^s surface will a 
seconds' pendulum beat only 59 times in a minute ? 

4. A pendulum loses 3 seconds per day ; how much 
must it be shortened that it may beat seconds accurately ? 

5. Find the time of an oscillation of a pendulum 
11 feet in length 3 miles above the earth's surface at the 
equator, where the length of the seconds' pendulum is 
38.997 inches. 

6. How may the pendulum be applied to determine the 
radius of the earth ? 

7. A seconds' pendulum is lengthened by l inch ; find 
how many seconds it will lose in 12 hours. 

8. If the pendulum be shortened 5 inches, what num- 
ber of seconds will it gain in the same time ? 



HYDROSTATICS 



PRESSURE OF HEAVY INELASTIC FLUIDS. 

1. The whole pressure on the bottom of a pail of 
water, the radius of which is one foot, is 120 lbs. ; find the 
pressure referred to a unit of surface. 

2, The pressure on the bottom of a vessel referred to 
a unit of surface is P, and it is found that 1 cubic foot of 
the fluid with which the vessel is fiUed weighs n lbs. ; find 
the depth of the vessel. 

5. An isosceles triangle is immersed perpendicularly 
in a fluid, with its vertex coinciding with the siuface and 
its base parallel to it. How must it be divided by a line 
parallel to the base, so that the pressure upon the upper 
and lower parts respectively may be in the ratio of 1 : 7 ? 

4. A given cylinder is just immersed vertically in a 
given fluid ; find the side of the square, upon which the 
pressive will be the same if it be immersed vertically with 
one of its sides coinciding with the surface of the fluid. 

5. Determine the relation between the height and the 
radius of the base of a cylinder, in order that when it 
is just immersed vertically in a heavy fluid the pressure on 
the base may be equal to that on the curved surface. 

6. A leaden weight is suspended by a string in a 
cylindrical vessel containing water; determine the addi- 
tional pressure sustained by the base. 

7. The sides of a hollow pyramid are isosceles tri- 
angles, the base is a rectangle having sides a and 6, and 
the height of the pyramid is c. If the pyramid be placed 
with its base on a horizontal plane, and be filled with fluid, 
compare the pressures on the sides. 
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8. A cylinder is filled with fluid and laid with its axis 
horizontal ; find the pressure on the oireular base. 



9. A cone is filled with fluid and laid so as to have 
a line in its surface horizontal; find the pressure on the 
circular base. 

10. A given rectangle is immersed rerticallj in a fluid, 
having one side coincident with the surface. It is required 
to divide it by a line parallel to the surface of the fluid into 
two parts, the pressures on which may be in a given ratio. 

11. A cylindrical vessel is filled with heavy fluid ; com- 
pare the pressive on the curved surface with the weight of 
the fluid. 

12. A hollow sphere is filled with fluid ; compare the 
pressure on any horizontal section of the sphere with that 
upon any other section of the same area. 

15. A hollow sphere being fiUed with fluid, determine 
those horizontal sections upon which the pressure « ^^^ the 

weight of the fluid. [ Volume of sphere = ) . 

14. A cylinder contains some fluid ; suppose the vo- 
lume of the fluid, owing to a change of temperature, to be 
increased by one nf^ part, what change will take place in 
the pressure on the sides and base ? 

15» A square is immersed in a fluid, with one of its 
diagonals vertical ; divide it by a horizontal line into two 
parts upon which the pressure shall be equal. 

16. If an isosceles triangle be immersed in a fluid, with 
its base horizontal and its vertex coinciding with the siuface 
of the fluid, how far must one side be produced in order 
that the pressure on the whole triangle, formed by joining 
its extremity with that of the other side, may be double 
that on the isosceles triangle ? 



--^ 
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17* A cubical vessel is filled with fluid; Compare the 
pressures on the sides and bottom. 

18. A straight line is immersed vertically in a fluid; 
divide it into three portions which shall be equally pressed. 

19. Compare the pressures on two equal isosceles tri- 
angles just immersed in the same fluid, one with its base 
upwards, the other downwards. 

FLOATING BODIES* 

1. Supposing the specific gravity of a man, of water, 
and of cork, to be 1.12, l, and .24 respectively, what quan- 
tity of cork must be attached to a man weighing I50lbs.> 
that he may just float in the water ? 

2. A rod of given length, and the density of which ex- 
ceeds that of water in a given proportion, hangs over a vessel 
of water, having one end attached to a point, at a distance 
above the water less than the length of the rod, about 
which it can move freely in a vertical plane ; determine the 
position of equilibrium. 

3. A cylinder, the specific gravity of which is .63^ floats 
in water, specific gravity 1 ; determine the portion of the 
cylinder immersed. 

4. One fourth part of a cubical solid of given dimen- 
sions, which floats in a fluid of known specific gravity, is 
removed by a section parallel to the surface of the fluid, 
when it is found to rest with the part extant equal to twice 
the part before immersed; determine the weight of the 
solid. 

5. If into a cylindrical vessel containing fluid of a 
given kind, a body be introduced of given weight, deter- 
mine the change of pressure on the sides of the cylinder, 
supposing the body to float. If the body does not float, is 
the problem determinate? 

6. A sphere of 1 foot radius, composed of matter of 
which the specific gravity as compared with water is .35, is 
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retained below the surface of water by a stringy; find 
the tension of the string. Given that the volame of a 

sphere* , and that the weight of a cubic foot of 

water is 1000 oz. 

7. A cylinder of known magnitude and specific gpravity 
floats in water ; if a small weight be placed upon the top of 
the cylinder find how much it wiU be depressed. 

8. A string which is made of an elastic material^ such 
that its length is increased l inch by every pound weight 
which is hung upon it, is made to support a sphere of known 
radius and specific gravity in water. Find how much the 
string will be stretched beyond its natural length. 



SPECIFIC GRAVITY. 

1. It is found that on mixing 63 pints of sulphuric acid 
at 1.82 specific gravity, with 24 pints of water, one pint is 
lost by their mutual penetration : find the specific gravity 
of the compound. 

2. Required the weight of an hydrometer, which sinks 
as deep in rectified spirits, (specific gravity .866,) as it sinks 
in water when loaded with 67 grains. 

s. Two bodies of equal weights, when connected to- 
gether, will just float ; what is the relation of their specific 
gravities and of that of the fluid ? 

4. If a lighter fluid rest upon a heavier, and their 
specific gravities be a and 6, and a body, specific gravity c, 
rest with one part P in the upper fluid, and the other part 
Q in the lower, then 

P : Q :: 6 - c : c - a, 

5. The weight of P in water is 10 grains, of Q in air 14 
grains, of P and Q connected together the weight in water 
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is 7 grains; the specific gravity of water being l, and of air 
.0013, shew that the specific gravity of Q is .82S7» and that 
it is as large as 17.0^3 grains of water. 

6. The specific gravity of pure gold is 19.3, and of 
copper 8.62 ; required the specific gravity of standard gold, 
which is a mixture of eleven parts of gold and one of 
copper. 

7. The weight of a vessel when empty being given, 
also when filled with water, and when filled with some other 
fluid, compare the specific gravity of water and of the fluid. 

8. A life-boat contains 100 cubic feet of wood, specific 
gravity .8, and 50 feet of air, specific gravity .0013. When 
filled with water, what weight of iron ballast, specific gravity 
7.6*5, must be thrown in before it will begin to sink ? 

9. A cyUnder, placed with its axis vertical in a fluid, 
rests with an m^^ part immersed ; when placed in another 
fluid it rests with the w*^ part immersed ; to what depth 
would it sink in a mixture composed of equal quantities of 
these fluids? 

10. A spherical bubble composed of matter the speciflc 
gravity of which is S, and filled virith gas of the specific 
gravity 8, just floats in air, specific gravity o-. Required the 

thickness of the bubble. I Volume of sphere = J • 

11. A body weighs 4oz. in vacuum, and if another 
body which weighs 3oz. in water be attached to it the whole 
in water weighs 2^oz. ; find the specific gravity of the for- 
mer body. 

12. If the specific gravity of air be called m, that of 
water being 1, and if W be the weight of any body in air, 
and W' its weight in water, its weight in vacuum will be 

fn 

W + (W- W). 

1 - m 

13. Compare the specific gravities of two bodies, one 
of which weighs lolbs. in vacuum, and the other 3lbs. in 
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water; the bulks of the two bodies being 

46 and 72 cubic inches, and the weight of a cubic foot of 

water lOOOoz. 

14. If three fluids, the volumes of which are 5, 4, 5, 
and specific gravities 8, 3, 4, be mixed together, determine 
the specific gravity of the compound. 

15. A piece of wood weighs 12 lbs., and when at- 
tached to 22lbs. of lead and immersed in water the whole 
weighs 8 lbs; the specific g^vity of lead being 11 times 
that of water, determine the specific gravity of the wood. 

16. A body weighs 14 lbs. in vacuum and 9 lbs. in water ; 
another weighs 8 lbs. in vacuum and 7 lbs. in water ; compare 
their specific gravities. 



PRESSITRE OF THE AIR. 

1. In an imperfectly exhausted barometer, the depres- 
sion below the true altitude is to the true altitude as the 
space which the air left in the tube occupied before im- 
mersion is to the space which it occupies after. 

2. Find the height of the mercury in a barometer when 
a given quantity of air is allowed to remain in the tube. 

3. Supposing the pressure of atmospheric air to be 
12 lbs. on the square inch, determine to what depth a piston 
of 3 tons weight will sink in a cylinder of radius l foot and 
height 3 feet, filled with atmospheric air. 

4. A cylinder, the height of which is 6 inches, and the 
radius of the base one inch, is filled with atmospheric air ; 
suppose a piston fitted into the cylinder and to be forced 
down through the space of 1 inch, determine the pressure 
of the air within the cylinder. 

5. Two barometers are imperfectly filled; shew how 
by observations on two days to determine the quantity of 
air contained in each. 



.*-.oj 
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6. The height of the barometer at the foot of a 
mountain is 29.6 inches, on carrying the instrument to 
the summit the mercmy falls 1.5 inches ; taking the value 
6f ^ to be 32.179 And assuming that, in the formula p » kp, 
\/k « 916.27 feet, find the height of the mountain. 

7. Given that the density of the air at the height of 7 
miles is ^ that at the earth'^s surface, calculate an approxi- 

4 

mate value of the quantity k in the formula p » kp. 



INSTRUMENTS AND MACHINEa 

1. A body when put under the receiver of a common 
air-pump weighs a oz. and after n turns weighs h oz. Re- 
quired the weight of the body in vacuum ; and supposing 
the specific gravity of the body known, determine the 
density of the air in the receiver at first. 

2. What will be the number of degrees indicated by a 
centigrade thermometer, when Fahrenheit's stands at 50\ 
18^ and - 12** respectively ? 

S, What will be the number of degrees Fahrenheit re- 
spectively corresponding to 49® and - 3^ centigrade ? 

4. The altitude of the barometer placed in a given 
cylindrical diving bell is observed at the beginning and end 
of a descent ; find the depth descended. 

5. There are two air pumps, one with a receiver A 
and barrel £, the other with a receiver B and barrel A ; 
compare the quantities of air exhausted by them in n turns. 

6. Given the quantity of air (Q) contained in an air 
pump at first, it is required to determine after how many 
bums a given quantity (9) will be exhausted. 

7. A barrel exhausts a receiver, but owing to some 
imperfection of the construction of the pump a given quan- 
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tity of common air is forced back at every stroke. Find 
the density of the air in the receiver after n strokes. 

8. Supposing the distance from the lower valve in a 
common pump to be just equal to the length of a column 
of water which can be supported by the atmospheric pres- 
sure, find the height to which the water rises in the pump 
after the first stroke. 

9. A cylinder of known density and magnitude, floats 
with its axis vertical in a vessel of water placed under the 
receiver of an air pump ; after how many strokes of the 
pump will the cylinder be depressed by a given quantity ? 

10. A portion of the receiver of an air pump is a 
plane valve opening inwards and kept in its place by a 
spring acting with a pressure P, less than that of the 
atmosphere ; after how many turns will the pressure of the 
external air open the valve ? 

11. In De Lisle's thermometer the boiling point is 
marked 0^, and the freezing point I5(fi. What degree of 
Fahrenheit corresponds to 13S^ of De Lisle ? 

12. In Reaumur's thermometer the freezing point is 
marked 0^, and the boiling point 80^. What degree of 
ileaumur corresponds to 39® Fahrenheit? 

IS. In Bramah's press^ given the sections of the two 
cylinders, and the force applied to the pump, determine 
the pressure produced. 

14. In Bramah's press, suppose the radii of the cylin- 
ders to be 2 inches and 1 foot respectively, the length of 
the pump handle to be three feet, and the distance of the 
pump from the fulcrum of the handle 4 inches, determine 
in what proportion the power is increased. 
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MISCELLANEOUS PROBLEMS. 

1. Three globes of the same diameter, and of giyetf 
ic gravities, are placed with their centres in the same 

line. How must they be disposed that they may balance 
on the same point of the line in vacuum and in water ? 

2. Explain how it is, that a ship is able to sail in a 
direction making an angle less than a right angle with that 
of the wind. What is meant by the leeway of a vessel ? 

3. Explain the construction of the sails of a wind-mill. 

4. Given the weight of a body corresponding to the 
altitudes h and h' of the barometer, find the weight cor* 
responding to the altitude h'\ 

5. Two masses of given specific gravities balance when 
suspended from the equal arms of a lever in a known fluid ; 
what is the specific gravity of the fluid in which they balance 
when one of the masses is doubled ? 

6. A ship on sailing into a river sinks two inches, and 
after discharging 12,000 lbs. of her cargo rises one inch ; find 
the weight of the ship and cargo. 

^ . , the specific gravity of sea water 

Given that ^ ^ — r « 1.026. 

fresh 

7. Why is it necessary for a diamond merchant to 
have regard to the state of the weather in buying diamonds ? 
Is it to his advantage to buy in dry or in wet weather ? 

8. When two persons A and B descend together to the 
bottom of a lake in a cylindrical diving bell, it is observed 
that the water stands 1 inch lower within the bell than when 
A descends alone ; the pressure of the atmosphere is equal 
to that of a column of water 34 feet high, the diameter of 
the bell is 4 feet, and the surface of the water within it, at 
the bottom of the lake, is 20 feet below the surface of the 
lake ; find the volume of B. 



I 
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9. A mixture is made of two substances, first in equal 
quantities, then in equal weights ; prove that the product 
of the specific gravities of the mixtures is the same as that 
of the specific gravities of the two substances. 

10. How may the place of the barometer be supplied 
by weighing a body of considerable magnitude but small 
specific gravity ? 

11. A square is immersed verticaUy in a fluid, with one 
of its sides coinciding with the surface. CompiM*e the 
pressures on the two triangles into which the diagonal 
divides it, 

12. Two squares the sides of which are 4 and 2 inches 
respectively, are immersed vertically in a fluid, with their 
sides parallel to the surface. Determine to what depth the 
less must be inmiersed, so that the pressure on it may be 
equal to twice the pressure on the greater, the upper side 
of which is an inch below the surface. 

13. If a cube of elastic fluid be compressed into 
another cube, the side of which is to the side of the former 
as n : 1 ; compare the whole pressure on the interior sur- 
faces of these cubes. 

14. A regular tetrahedron is filled with fluid ; compare 
the pressure on the base with that on one of the sides. 

15. A regular tetrahedron is filled with heavy fluid. 
Given the length of one of its edges, and the pressure on 
the base, find the pressure on the sides. 

16. A cylindrical tube is filled with fluid and closed at 
both ends. Compare the pressures on its sides at the 
earth's surface and at a given height above it, supposing 
the bulk of the fluid, from change of temperature, to be 

diminished — part, and the axis to be vertical in both cases. 
n 

17. If a cubical vessel be filled half with mercury and 
half with water ; determine the ratio of the pressure on the 
sides to the pressure on the base ; the density of mercury 
being to that of water as m : 1.^ 
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18, If the densities of two fluids which will not mix are 
in the ratio of n : 1, compare the quantities to be poured 
into a cylindrical tube of given length, so that the pressures 
on the concave surfaces in contact with the two fluids 
respectively may be in a given ratio. 

19- If in a mixture of two 'fluids, of which the specific 
gfravities are S and 5 respectively, a body of which the spe- 
cific gravity is 8 loses half its weight ; compare the quan- 
tities mixed. 

20. Two bodies of different specific gravities balance 
each other in air at its mean density ; if the density of the 
air be increased, determine which will preponderate. 

21. A body is floating between two known fluids, and 
the part inunersed in the lower is observed to be the same 
as if it were floating on the surface of a fluid formed by the 
mixture of equal quantities of the two fluids ; determine, 
the specific gravity of the solid. 
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REFLEXION AT A PLANE SURFACE. 

1. Shbw that the path of a ray of light incident from 
one point and reflected by a phine surface to another, is 
shorter than it would have been according to any other law 
of reflexion* 

2. A ray of light is incident from a point A, and re- 
flected at a given plane surface to another point B ; sup- 
posing B fixed, find the locus of A when the whole length 
of the incident and reflected ray is constant. 

3. A man 6 feet high stands before a vertical mirror of 
the same height, at a distance of 4 feet from the mirror ; a 
lamp is placed behind him at a height of 11 feet from the 
ground, and at a distance of 12 feet from the mirror ; find 
what portion of his person is illuminated, and determine his 
distance from the mirror when his feet are just illuminated. 



REFLEXION AT A SPHERICAL SURFACE, 

1. A mirror collects solar rays to a point at the distance 
of 6 inches from it ; where will be the image of an object 
placed in front of it at a distance of 12 feet? 

2. In reflexion at a spherical surface the conjugate foci 
lie on the same side of the principal focus. 

3. The foci of incidence and reflexion are on opposite 
sides of a concave mirror of given radius, and the focus of 
reflexion twice as far from it as the focus of incidence. 
Determine their actual distances. 
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4. A luminous point is placed in the axis of a concave 
mirror of one foot radius, at the distance of 3 feet from it; 
find the focus of reflected rays. 

5. Two parallel rays are incident on a spherical re- 
flector at the same side of the axis ; shew that the angle 
between the reflected rays is equal to twice the difference 
between the angles of incidence. 

6. Find the distance of the point, to which rays di- 
verging from a distance of 20 feet are made to converge by 
a concave mirror of 2 feet radius, from the principal focus 
of the mirror. 

7. Given that the distance between the conjugate foci 
of a concave mirror is equal to the radius, find the focus of 
incidence. 

8. Bays are incident upon a convex mirror of 3 feet 
radius from a distance of l6 feet, required the na^^^^e of the 
reflected penciL 



COMBINED REFLEXIONS. 

1. Find the total number of images formed, when 
a luminous point is situated symmetrically with respect to 
two plane mirrors inclined at an angle of 11^ 15'. 

2. Determine the arrangement of a luminous point and 
two mirrors inclined at an angle to each other, when the 
images are situated in the comers of a regular hexagon. 

3. At what angle must two mirrors be inclined, so that 
a ray incident parallel to one of them may after reflexion at 
each be parallel to the other ? 

4. If an object be placed between two parallel plane 
reflectors, which are moved parallel to themselves, their 
distance remaining constant, shew that the images formed 
by an even number of reflexions will remain stationary, 
and the other images will move in the same direction as 
the reflectors with twice their velocity. 

7—2 
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5. A small pencil of rays diverges from a given point 
within a polished sphere, the axis of the pencil coinciding 
with a diameter ; find the geometrical focus after two re« 
flexions. 

6. A luminous point is equidistant from two plane pa* 
raUel mirrors ; find the path of the axis of the small pencil 
of raySy by which an eye placed in a given position between 
the mirrors, can see the third image proceeding from either 
side, and shew that its length is equal to the distance of 
the image from the eye. 

7. BJD, BCE are two plane reflectors inclined at an 
angle of 15^. ^ is a given luminous point in one of them. 
Find at what angle a ray from A must be incident on the 
other reflector, in order that after 3 reflexions it may be 
parallel to BA. 

8. There are three plane reflectors, two of which are 
at right angles to each other, and a ray of light is incident 
upon the third, and reflected successively by each of them ; 
it is required to shew that the angle between the first 
incident and last reflected rays is equal to twice the angle 
of incidence upon the first surface. 



REFRACTION AT A PLANE SURFACE. 

1. Find the thickness of a plane glass mirror, silvered 
at the back, that the distance of the image from the first 
surface may be twice as great as in a mirror of inconsider- 
able thickness. 

2. At the bottom of an empty hemispherical basin a 
crown piece is placed, and an eye is so situated as just to 
see the edge of the crown piece over the rim of the basin. 
When the basin is filled with water the whole crown piece 
becomes visible. Find the radius of the basin. 

V . s. Is it necessary to aim above or hehw in order 
to strike with a bullet a. fish swimming in the water ? 
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KEFRACTION AT A SPHERICAL SURFACE. 

1. A penciji of rays diverging from a point half way 
between the surface and the centre of a sphere, after re- 
fraction at its surface diverge from the opposite extremity 
of the diameter ; required the refractive index. 

2. If parallel rays are incident nearly perpendicularly 
upon a spherical refracting surface, the distance of the 
geometrical focus of refracted rays from the surface is to 
its distance from the centre as /ui : 1. 

3. A small pencil of solar rays incident on the surface 
of a refracting sphere is brought to a focus upon the oppo- 
site surface of the sphere ; required the refractive index of 
the substance of which the sphere is made. 

4. A small pencil of rays is incident from a point 3 feet 
distant from a concave spherical surface of glass (jul "1.5), 
the radius of which is 2 feet ; find the geometrical focus of 
refracted rays. 

5. When divergent rays are incident from a certain 
point upon a spherical surface of glass, the refracted rays 
are found to converge to a focus at exactly the same dis- 
tance on the opposite side of the surface ; is the surface 
convex or concave ? and if the position of the point of in- 
cidence be given, determine the radius of the surface. 

6. There is a speck in the interior of a glass sphere ; 
determine the apparent distance of the speck from the eye, 
supposing the line joining them to pass through the centra 
of the sphere. 

REFRACTION THROUGH A PRISM. 

1. A speck in the middle of the back of an isosceles 
prism, will appear double to an eye placed close to its edge. 
Suppose the angles which the two images so seen subtend 
at the eye to be a right angle, determine the angle of the 
prism. 
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s. If the angle of a prism be 15* so', and the ang^le of 
incidence 14* is', determine the deviation which the ray 
suffers in passing through the prism. 

S. A raj enters a prism, the refracting angle of which 
is so large that no ray can paw out of it, it is therefore 
reflected at the second face of the prism; shew how to 
determine the angle between the incident and this re- 
flected ray. 

4. ABC iM an equilateral triangle; PQBSTV the 
course of a ray refracted at Q and T, and reflected at S 
taidS. The angle of incidence of PQ is 15° ; find m so that 
the incident and emergent rays may be inclined at an angle 
of 80". 

5. A ray of light is incident on a prism, in a plane 
perpendicular to its edge, at an angle of 45^ ; find the re- 
fracting angle of the prism in order that the ray may just 
emerge parallel to ihe second surface; the value of ft 
being v/f . 

6. If a ray of light be refracted through a right-an- 
gled prism in a plane perpendicular to the edge, and if 
ip(p,' be the angles of incidence and refraction, S the devi- 
ation, then 

fain (j + 0') cot g + ^). cot (r-0 + ^). 

7. If a ray of light QACS be refracted through a prism 
XIL in a plane perpendicular to its edge, and if the angle 
of the prism KIL - a, QJE - ft ACL = ip, and the whole 
deviation ~ S, then will 



1 



■(*-i) 



tan - -- 1 tan - = tan ( 



8. If ^ be the angle of inadence of a ray passing 
through a priam in a plane perpendicular to its edge, -^r the 
angle of emergence, a the angle of the prism, then 

Bin if- = sin a Vm' — sin' i^ — cos « sin (b. 
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9. A ray of light is refracted through a prism, the 

angle of which is 60^ and index of refraction v/s, in such a 
manner that the angles of incidence and emergence are 
equal, find the whole deyiation. Shew also that no ray can 
be transmitted through a prism of the same substance when 
the angle exceeds 90^. 

REFRACTION THROUGH A LENS. 

1. An object 10 feet below the surface of water, is 
viewed by an eye 15 feet above the surface. What is the 
focal length of a lens through which it must be viewed, that 
its apparent depth may be 10 feet ? 

2. If an object is placed in the focus of a convex lens, 
the visual angle is the same whatever is the distance of the 
eye from the glass. 

S. Given the radii of a thin double concave lens, upon 
which parallel rays are incident, find the radius of a double 
equiconvex lens, which compounded with the former will 
refract the rays parallel. 

4. The back of a double convex lens is quicksilvered ; 
if a small pencil of rays after entering the lens is reflected, 
find the focus of the emerging rays. 

5. A small pencil of rays diverge from a point in the 
axis of a double convex lens, the thickness of which equals 
one of its radii. Kequired the geometrical focus of the re- 
fracted rays. 

6. The concavity of a thin glass meniscus is filled with 
water ; the radii of the surfaces are 5 and 6 inches respec- 
tively, and the refractive indices of glass and water are 
1.535 and 1.336 ; find the focal length of the compound lens. 

7. Four lenses having a common axis are placed at in- 
tervals 1, 5, 10 inches from each other, the focal length of 
each of the first three being 5 inches, and of the last l 
inch. If a pencil of parallel rays fall on the first, determine 
the point to which they will converge after passing through 
the system. 
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8*. The focal lengths of two double convex lenses are 
to each other as m : n, and the radii of their first surfaces 
are equal; also the radii of the surfaces of one of the 
lenses tCte aa p : q; required the ratio of the radii of their 
second surfaces. 

9. The radii of the surfaces of a double convex lens 
are 1 and 6 inches, and the refracting index 1.6 ; find the 
focal length. 

10. The first surface of a lens is concave and of given 
radius ; determine the form of the second in order that the 
focal length may be the same as that of a double convex 
lens of the same material having each of its radii equal to 
that of the first surface, before mentioned. 

11. Determine the focal length of the lens, which 
causes rays diverging from a point at a distance of 2 feet to 
diverge as if from a distance of 3 feet. 

12. What single lens is equivalent to a combination of 
a double convex lens of focal length 2 inches with a double 
concave lens of focal length 4 inches ? 

IS. Bays diverging from a distance of 3 inches on one 
side of a lens are made to converge to a point 3 inches 
on the other side ; find the focal length of the lens. 

14. A double convex and a concavo-convex lens are 
placed in contact ; the radii of the surfaces of the former 
are respectively 3 and 4 inches, those of the latter 3 and 5 
inches, and the refractive indices of the material of the 
lenses are respectively 1.52 and 1.6 ; find the focal length of 
the combination. 

IMAGES. 

1. A straight line, .15 inches in length, is placed be- 
fore a concave mirror, radius 9 inches, at a distance from 
the mirror equal to one third of its radius ; find the mag- 
nitude and position of the image considered as a straight 
line. 

2. A person whose eyes are 5 feet 8 inches from the 
ground looks into a plane vertical mirror 4 feet high ; what 
portion of his figure will he see ? 
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3. Given the distance of an image from a double con- 
cave lens, and the ratio of the object to the image ; required 
the focal length. 

4. How far distant must an object be placed from a 
plane convex lens, so that its magnitude may be n times 
that of its inverted image ? 

5. Place an object before a double convex Iens» so that 
the image may be twice as great as the object and erect. 

6. An object is placed at a distance of 4 inches from 
a concave lens of 2 inches focal length ; is the image erect 
or inverted? 

7. Two convex lenses, of 3 inches and 5 inches focal 
length respectively, are placed on the same axis at a dis- 
tance of 4 inches from each other ; a body is placed at a 
distance of 6 inches from one of the lenses, determine the 
position of the image formed by refraction through the 
combinatipn, and whether it is erect or inverted. 



VISION. 

1. Given the distance at which a shortsighted person 
can see distinctly; determine the nature of the lens which 
will enable him to see at any other given distance. 

2. A person can see distinctly at the distance of 2 feet, 
what lens will enable him to see at the distance of 24 feet ? 

3. A luminous point is placed between two plane 
mirrors inclined at a given angle ; trace the course of the 
ray by which the point is viewed by an eye in a given po- 
sition after any number of reflexions. 

4. "What kind of lens would be necessary in order to 
enable an eye to see distinctly under water? 

5. A shortsighted person can see distinctly at a dis- 
tance of 3 feet. He has a double concave lens, focal length 
3 feet ; will this enable him to see distinctly at a distance 
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of 12 feet ? If not, find the nature of the lens, which being 
interposed between his eye and the former lens will be 
sufficient for that purpose. 

6, Why cannot a ]>erson see his own image distinctly 
when looking into a concave reflector, his eye being between 
the centre of the sphere and the principal foens? 

7. If a printed book is placed very near the eye, the 
eye is not able to distinguish the characters, but if a piece 
of paper pierced with a pinhole is interposed between the 
book and the eye it becomes possible to read, and the 
letters appear magnified* Explain this. 

TELESCOPES. 

1. Calculate the magnifying power and field of view of 
a Gregorian telescope from the following data : 

Focal length of object-mirror » 12 inches. 

small a. 1 

eye-glass >= 2 

Breadth of eye-glass = -^ 

2. The focal length of the object-glass of an Astrono- 
mical Telescope is 5 feet; the eye-piece consists of two 
lenses of focal lengths l^ inch and ^ inch respectively, 
separated by an interval of 1 inch ; determine the distance 
between the object-glass and the glass nearest to it, when 
the telescope is adjusted. 

S. Find the change in the adjustment in the preceding 
question necessary for a shortsighted person, who cannot 
see distinctly at a greater distance than 3 feet. 

4. The focal lengths of the object-glass and eye-glass 
of a simple astronomical telescope are 27 inches and ^ inch 
respectively. Find the focal length of a convex lens to be 
placed between them at a distance of one inch from the 
eye-glass, and of twice its aperture, that the field of view 
may be doubled, when adapted to common eyes. The field 
of view may be supposed to be measured by the angle sub- 
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tended at the centre of the object-glass by the lens nearest 
to it. 

5. The magnifying power of an opera-glass, when di- 
rected to a distant object, is 4 ; but when adjusted to an 
object at a distance of 40 feet from the object-glass, the 
magnifying power is 5. Find the focal lengths of the ob- 
ject-glass and eye-glass. 

6. An astronomical telescope consists of three convex 
lenaes, two of which form the eye-piece ; prove that if the 
focal length of these two be 3 a and a respectively, and the 
distance between them 2 a, a real image will not be formed 
by the object-glass. 

7. If in the preceding question the focal lengths of the 
lenses had been each 3 a, prove that a real image would 
have been formed. 

8. Two astronomical telescopes, the magnifying powers 
of which are M and M* respectively, are placed on the same 
axis so as to form one telescope, find the magnifying power 
of the combination. 

9. The focal lengths of the large and small mirror of 
a Gregorian telescope are f^ and /„ respectively, the focal 
length of the eye-glass is /^, and the eye-glass is fixed in a 
tube so as to be nearer to the eye by the distance a than 
the surface of the large mirror ; determine the distance 
between the mirrors when the instrument is adjusted for 
an ordinary eye. 

10. The magnifying power of a simple astronomical 
telescope is JIf, and the distance between the lenses when 
the instrument is adjusted for an ordinary eye is D ; find 
the focal lengths of the lenses. 

11. In using a simple astronomical telescope with a 
certain eye-glass it is found that the magnifying power is 
only half what is required ; a new eye-glass, the focal length 
of which is 1 inch less than that of the former, is therefore 
substituted, and it is found that the magnifying power is 
now exactly that required, namely 10 ; find the focal lengths 
of the lenses. 
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MISCELLANEOUS PROBLEMS. 

1. Two fixed points, situated on the same side of an 
indefinite straight line, are viewed from different points of 
that line ; determine by geometrical construction the point 
at which their apparent distance from each other is g^reatest. 

2. Find the point in a reflecting circular arc, at which 
a ray parallel to the axis must be incident, in order that 
after reflexion it may pass through a g^yen point of the 
circumference. 

3. If a plane mirror revolve about an axis in its plane, 
the angular motion of the image of a fixed straight line 
will be double that of the mirror. 

4. A concave hemispherical mirror is filled with water ; 
g^ven the focus of rays diverging upon the surface of the 
water from a point upon the axis of the mirror, find the 
focus of the rays which emerge after one reflexion and 
two refractions. 

5. A ray of light is incident from a luminous point, 

4 
at an angle the tangent of which is —ya , on a plate of glass 

Oi» 1.5) the thickness of which is i; find the point in which 
the direction of the ray, after passing through the glass, 
cuts the line drawn from the luminous point perpendicular 
to the glass. Find also the point in which the ray would 
cut the same line if the angle of incidence were inde- 
finitely small, and shew that the distance between the two 

4 

points is — t. 

6. A ray of light, issuing from a point in the extreme 
ordinate of a parabola, is incident in a direction parallel to 
the axis and after two reflexions at the curve meets the 
ordinate again ; prove that the length of the path described 
will be the same from whatever point in the ordinate the 
ray proceeds. 
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7. Find the point at which a ray of light must be in- 
cident parallel to the axis upon a concave spherical reflector^ 
that after two reflexions it may cut the axb at a given 
angle. 

8. Where must a ray of light parallel to the axis of a 
concave spherical reflector be incident, that after reflexion it 

may divide the radius in the proportion of \/i -1:1? 

9. What will be the effect produced upon the appear- 
ance of objects by viewing them through the wrong end of 
a telescope ? 

10. The ends of a glass cylinder are worked into por- 
tions of a convex and concave spherical surface, the radii 
being r and s respectively, and their centres being in the 
axis of the cylinder ; shew that the distance of these sur- 
faces, in order that an eye placed at the concave sur- 
face may see the image of a distant object distinctly, 

must be — , and that the magnifying power « - . 

M — 1 * 

11. Bays issuing from a luminous point are incident 
upon a thin lens. A portion of those which enter the lens 
proceeds at once through the second siurface; a second 
portion does not escape till it has been twice internally re- 
flected ; a third portion four times reflected ; a fourth por- 
tion six times, and so on. Shew that a row of images will 
be formed at distances from the lens which are in harmo- 
nical progression. 

12. A ray of light falls on the convex surface of a 
hemispherical lens in a direction parallel to its axis, is re- 
flected at the plane surface, and emerges through the con- 
vex ; prove that the angles of incidence and emergence are 
equal. 

13. A double convex lens is silvered at the back, and 
a small pencil of rays diverging upon it enter, and after 
reflexion at the silvered surface emerge by refraction ; find 
the geometrical focus of the emergent rays. 
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14. A small pencil of rays is refracted through a sphere, 
find the geometrical focus c^ emergent rays. 

15. Prove that a sphere has the effect of a convex lens, 
and find the radius of a glass sphere which shall be equiva- 
lent to a double convex lens of 3 inches focal leng^th. 

16. A spectator on the bank of a river perceived that 
the top of a tree, which stood on the other bank directly 
opposite, was reflected from a point of the water 6 feet 
firom the place where he stood ; and that after walking 20 
yards along the bank, the distance of the new point of re- 
flexion from him was then 8 feet; given that his eye is 
5 feet above the surface of the water, find the hei^^ht of 
the tree. 
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APPENDIX, 

Containing the Questions proposed in several years during the first 
three days of the Senate-House Examination, in accordance with 
the Grace of the Senate passed in May 1846. 



1848. 

Moderators. 

George Gabriel Stokes, M.A., Pembroke College. 
Thomas Gaskin, M.A., Jesus College. 

Examiners. 

"William Nathaniel Griffin, M.A., St John's College. 
Charles Octavus Budd, M.A., Pembroke College. 



Thursday, Jan. 6. 9... 12. 

1. If two triangles have two sides of the one equal to 
two sides of the other, each to each, and have likewise 
their bases equal, the angle which is contained by the two 
sides of the one shall be equal to the angle contained 
by the two sides, equal to them, of the other. 

How does it appear that the two triangles are equi- 
angular and equal to each other? 

£. The opposite sides as well as the opposite angles of 
a parallelogram are equal to one another, and the diameter 
bisects it. 

If the two diameters be drawn, shew that a parallelo- 
gram will be divided into four equal parts. In what case 
will the diameter bisect the angle of a parallelogram ? 

S. If a straight line be divided into two equal parts, 
and also into two unequal parts, the rectangle contained 
by the unequal parts, together with the square of the line 
between the points of section, is equal to the square of 
half the line. 
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4. Equal straight lines in a circle are equally distant 
from the centre ; and conversely, those which are equally 
distant from the centre are equal to one another. 

Shew that all equal straight lines in a circle will be 
touched by another circle. 

5. The angle at the centre of a circle is double of the 
angle at the circumference upon the same base, that is, 
upon the same part of the circumference. 

If. two straight lines JEB, CED in a circle intersect in 
J?, the angles subtended hy AC and BD at the centre are 
together double of the angle AEC. 

. 6. Describe an isosceles triangle having each angle 
at the base double of the third angle. 

7. If the first of six magnitudes have to the second 
the same ratio which the third has to the fourth, but the 
third to the fourth a greater ratio than the fifth to the 
sixth, the first shall have to the second a greater ratio than 
the fifth has to the sixth. 

8. Equal triangles which have one angle of the one 
equal to one angle of the other have the sides about the 
equal angles reciprocally proportional ; and conversely. 

9. If two planes which cut each other be each of them 
jperpendicular to a third plane, their common section shall 
be perpendicular to the same plane. 

10. Define a parabola, and its tangent. 

Assuming the tangent at any point P of a parabola to 
make equal angles with the focal distance SP and the 
diameter at that point, prove that SV, the perpendicular 
upon it from the focus, meets it in the tangent at the 
vertex. 

If FM be the ordinate at P, and T the intersection of 
the tangent at P with the axis, TP . TY ^ TM. TS. 
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1 1. Prove that in a parabola Q T^ « 4 SP . PF. 

Define the parameter at any point of a parabola, and 
prove that it is proportional to the focal distance of the 
point. 

12. Define an ellipse. If one of the focal distances 
SJP of a point P be produced to L, a straight line P T 
which bisects the exterior angle HFL is the tangent to 
the curve at P. 

For what position of P is the angle SFH greatest ? 

13. State when diameters of an ellipse or hyperbola 
are conjugate. Prove that all parallelograms whose sides 
touch an ellipse at the ends of conjugate diameters are 
equal. 

Prove that such parallelograms have the least area of 
all which circumscribe the ellipse. 

14. In an ellipse the sum of the squares of any two 
conjugate diameters is invariable. 

When is the square of their sum least ? 

15. Define the asymptotes of an hyperbola. If any 
straight line Qq perpendicular to either axis of an hyper- 
bola meet the asymptotes in Q, q, and the curve in P, the 
rectangle QP.Pq is invariable. 

16. K a circular right cone be cut by a plane which 
meets both of its slant sides, the section is an ellipse. 

17. The chord of curvature of an ellipse or hyperbola 

2 CD* 
through its centre is equal to . 

The chords of curvature through the centre and 
focus are in the ratio of AC to CP. 



8 
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Thursdat, Jan. 6. 1^...4. 

1. Prove the rules for finding the greatest common 
measure and least common multiple of two integers. 

Find the least number of pounds which can be paid 
in either half-crowns or guineas. 

2. Explain the meaning and use of fractions in a 
system of arithmetic, and shew that the value of a fraction 
remains unchanged when its two members are replaced by 
any equimultiples of their former values. 

S. If each inmate of a workhouse cost per week, 
2«. 2^. for food, 5\d. for clothes and washing, and Sd. for 
lodg^g, and the number of persons thus maintained be 
estimated at 1 00000, what is the whole yearly cost; and how 
many labourers at I8c2. a day wages would earn the same 
sum in the same time ? 

4. If 25 men do a piece of work in 24 days, working 8 
hours a day, in how many days would SO men do the same 
piece of work working 10 hours a day ? 

5. Supposing arithmetical addition and subtraction 
represented by the signs +, — respectively, prove the equi- 
valence of the two sets of operations indicated by 

(a - 6) (c - d) and ac + &d — 5c — ad, 
a being a number greater than 6, c greater than d. 

What is the nature of the generalization with respect 
to the use of the signs +, - in Symbolical Algebra ? 

6. Find the highest common divisor of 

a? - a7* - 2^7 + 2 and a/^ - Safi + 2oi? + j? - 1. 

7. Define what is meant by the n*^ root of a given 
numerical magnitude, and explain the principle according 
to which a root is represented by means of a fractional 
index. 
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6. Define a logarithm, and the base of a system of 
logarithms. 

Prove that log ay = log a + log y, log a^ ^ n log w. 

Given log 7 « -8450980, 

log 58751 « 4-7690153, 

log 58752 = 4-7690227, 

find v^-07 to 7 significant figures. 

9t Solve the equations, 

^ ^ Of -{-1 aj + ^ 0^ + 3 

(1) + ««- . 

(2) V 1 + ^ + a?'* - VI - ^ + jj* = ma?. 

(3) ^p + y — isr = 8ti' + 3y - 6^ = Saf - 4^7 — y = 1. 

Discuss the nature of the roots in (2) as affected by 
the value of m. 

10. When is one quantity said to vary as another, 
directly or inversely ? Jf A oz B when C is constant, and 
A cc C when B is constant, prove that A oc BC when B and 
C both vary. 

Given that the area of an ellipse varies as either 
axis when the other is constant, and that the area of 
a cirele of radius unity ^ 3.14..., find the area of the 
ellipse whose axes are 3 and 5. 

11. Find the sum to n terms of a geometric series. 
What is meant by the sum of an infinite series ? When 
can such a series be said to have a sum? 

If P be the sum of the series formed by taking 
the 1** and every p^^ term of an infinite geometric series 
whose first term is 1 and whose ratio < 1, Q the sum of the 
series found by taking the 1** and every ^ term, prove that 

1W(Q - 1)P « QP (P - 1)^. 

8—2 
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12. Assuming the Binomial Theorem in the case of 
positive integral indices, prove it in the case of negativo 
and fractional indices. 

Write down the general term of the expansion of 

(1 - 2jr)-f. 

IS. Trace the change in sign and magnitude of the 
tangent and secant of an angle through the first four 
quadrants. 

14. Prove that 

sin (^ - jB) - sin -4 . cos ^ - cos ji . sin ^. 

Give a general enunciation for the construction requi- 
site in order to obtain the above expression for all values 
of A and B. 

15. Express sin 2^ in terms of tan A. 

A /- 

Given tan - = 2 - \/s* ^^ S"^ ^* *^d thence A. 

16. Prove that the sines of the angles of a triangle 
are proportional to the opposite sides. 

Hence deduce the expression for the cosine of an angle 
in terms of the sides. 

17. Express the area of a triangle in terms (l) of two 
sides and the contained angle, (2) of one side and ilie 
adjacent angles. 

Two sides of a triangle are equal to 3 and 12 respec^ 
tively, and the contained angle is equal to 30^; find the 
hypotenuse of an equal right-angled isosceles triangle. 

18. Shew how to determine the height of a mountain 
by observations at two stations in the same horizontal 
plane, the distance between the stations being known. 

If the stations are in the same vertical plane passing 
through the summit, and the summit (5') is observed from 
the further station, but a lower point (5") is observed by 
mistake from the nearer, shew that the height determined 
by the process lies between the heights of S and S\ 



jSENATE-HOUSE PROBLEMS. 117 



Friday, Jan. ?• 9...12. 

l« If two forces, acting on a particle, be represented 
by two adjacent sides of a parallelogram, prove that their 
resultant will act in the direction of the corresponding 
diagonal, pointing out any assumptions or propositions 
which you may employ in the proof. 

Explain how the force of the current may be taken 
advantage of to urge a ferry-boat across a river, the centre 
of the boat being attached, by means of a long rope, to a 
mooring in the middle of the stream. 

2. When a weight is supported on a smooth inclined 
plane by a force along the plane, the force is to the weight 
as the height of the plane is to its length. 

K the roughness of a plane, which is inclined to the 
horizon at a known angle, be such that a body will just rest 
supported on it, find the least force along the plane requi-; 
site to drag the body up. 

3. Find the relation of P to Win the system of pullies 
where each string is attached to the weight; and prove 
that Pp = Ww^ where jp, Wy are the spaces gone through by 
P and W respectively when the system is put in motion. 

4. When a body is kept in equilibrium by three forces 
acting in one plane, either their directions are parallel, and 
one force is equal to the sum or difierence of the other 
two, or their directions meet in a point, and each force is 
as the sine of the angle between the other two. 

AB is a rod capable of turning freely about its extre- 
mity A, which is fixed, CD is another rod equal to 9,AB 
and attached at its middle point to the extremity B of the 
former j so as to turn freely about this point ; a given force 
acts at C in the direction CA^ find the force which must bQ 
applied at D in order to produce equilibrium. 

5. Assuming the principle of the straight lever for 
two forces, find the condition of equilibrium of a rigid 
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body moveable about a fixed axis, and acted on by any 
number of forces in a plane perpendicular to the axis. 

If a set of forces, acting at the ang^ular points of a 
plane polygon, be represented by the sides, taken in order, 
shew that their tendency to turn a body about an axis 
perpendicular to the plane of the polyg^on is the same, 
through whatever point of the plane the axis passes. 

6. Prove that the statical effect due to the weights of 
the several particles of which a body is composed is the 
same as it would be if all the matter were collected at its 
centre of gravity. 

Shew that the centre of gravity of a triangular area 
coincides with that of three particles of equal weight 
placed at the angular points, and thence deduce its po-^ 
sition. 

7. Enunciate the first and second laws of motion, 
and mention experimental facts which would lead to their 
assumption. 

What is the nature of the final evidence which is con- 
sidered conclusive as to the truth of these laws ? 

8. Shew that in uniformly accelerated motion 

proving, if your method require it, but not assuming, that 
if the velocity of the body be reversed the backward mo- 
tion will be exactly similar to the forward motion. 

9. The time of descent down any chord passing 
through the highest or lowest point of a vertical circle is 
the same as the time down the vertical diameter. 

10. Prove that a body projected obliquely and acted 
on by gravity will describe a parabola. 

Find the velocity and direction of projection, in order 
that the projectile may pass horizontally through a given 
point. 
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11. State and explain the third law of motion. 

Can we form a conception of mass without introducing 
the idea of weight ? 

12. A body, whose mass is m, is projected with a 
velocity F, and acted on by a constant pressure P in the 
line of projection, find the velocity of the body at any 
time; and if the pressure act in a direction opposite to 
that of projection, find how long it will be before the body 
is brought to rest. 

A train of connected bodies, whose weights are TFi, 
TTg,..., are moving together in a straight line, being acted 
on by the retarding pressures Pj, JP^,.-- respectively, find 
the conditions in order that the bodies may continue to 
move with equal velocities when the connexion between 
them is severed. 

13. Find the accelerating force when one weight pulls 
another over a fixed pulley. Find also the tension of the 
string. 

14. If two perfectly elastic balls moving with given 
velocities in a straight line impinge directly, find their 
velocities after impact. 

If the first. Ay of three perfectly elastic balls placed in 
a line impinge directly with a given velocity on the second 
B, so that B in turn impinges on the third C, find the mass 
of B in order that the velocity given to C may be the 
greatest possible, the masses of A and C being known. 

15. Find the time of oscillation of a body oscillating 
in a cycloid. 



Friday, Jan. 7. li...4. 



2 



1. Define a fluid, and prove that a pressure applied 
to the surface of a fluid mass in equilibrium will be equally 
transmitted in all directions. 
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2. In a mass of homogeneous liquid in equilibrium 
under the action of gravity, the difference of pressure at 
two points in the same vertical line which falls wholly 
within the fluid is proportional to the distance between 
those points. 

What further considerations are necessary to prove this 
proposition when the straight line joining the two points in 
question does not fall wholly within the fluid ? 

5. When a liquid is in equilibrium in a vessel, prove 
that the vertical component of the pressure on any portion 
of the surface beneath is equal to the weight of the super- 
incumbent column of fluid, supposing the column to reach 
to the surface without interruption. 

How must the enunciation be altered so as to make 
the proposition apply (l) to the case in which the column, 
is interrupted ; (2) to the case in which the surface con- 
sidered is pressed upwards ? 

4. When a solid floats in a Hquid, its weight is equal 
to that of the fluid displaced, and its centre of gravity is in 
the same vertical line with that of the fluid displaced. 

.Is this statement true in the case of a body partly 
immersed in several liquids which are superposed ? 

5. Describe the experiment which shews that the 
pressure of air is proportional to its density while the 
temperature remains constant. State the relation between 
the pressure, density, and temperature of air. 

A straight vertical tube is closed at its lower end ; how 
much of a given liquid can be poured into it, the air which 
originally filled it being compressed at the bottom of the 
tube ? 

6. Describe the nature and use of the Diving Bell. 
Does the tension of the rope by which it is suspended 
increase or decrease as the bell is sunk lower ? 
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7. Describe the Siphon, and its action. What would 
be the effect of opening an orifice in the highest point of 
the tube? 

8. Define the specific gravity of a substance ; and shew 
how the specific gravity of a solid may be found by weigh- 
ing it in air and water. How is the method modified if 
the solid floats in water ? 

9. Describe the construction and action of the Con- 
densing Steam Engine. In what respect was this an im- 
provement upon the Atmospheric Engine ? 

10. Define a pencil of rays, converging rays, diverging 
rays, and the focus of a pencil of rays. 

If diverging or converging rays be reflected at a plane 
surface, the foci of incident and reflected rays are on con- 
trary sides of the reflector, and equally distant from it. 

Why does a common looking-glass give more than one 
image of a point? 

11. Define coijugate foci, and shew that, in the case 
of reflection at a spherical surface, they lie on the same 
side of the principal focus, that they move in opposite 
directions, and meet at the centre and surface of the 
reflector. 

12. A ray of light cannot pass out of a denser into a 
rarer medium if the angle of incidence exceeds a certain 
limit. 

Explain the appearance which will be presented to an 
eye placed under water and looking upwards. 

13. Parallel rays, refracted at a plane surface, continue 
parallel. 

14. Parallel rays, refracted at a convex spherical sur- 
face of a denser, or a concave of a rarer medium, into 
which they pass, are made to converge ; and refracted at a 
concave spherical surface of a denser, or a convex of a 
rarer medium are made to diverge. 
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15. If ^, a be two points on the surfaces of a lens 
where the radii are parallel to each other, the incident and 
emergent parts of a ray of light which passes through the 
lens in the direction A a will be paralleL 

Define the centre of a lens, and shew that it is a fixed 
point. 

16. The image of a straight line formed by a plane 
refracting surface is a straight line. 

Why does a straight rod appear bent when partly 
immersed in water ? What must be its inclination to the 
horizon when its apparent portions are inclined to each 
other at the greatest angle? 

17. Describe the Astronomical Telescope; trace the 
course of a pencil of rays from any point of a distant 
object, and find the magnifying power. 

If the focal lengths of the lenses be 12 inches and 1 
inch, how far must the eye-glass be moved for viewing an 
object at a distance of 40 feet from the object-glass. 



Saturday, Jaw. 8. 9... 12. 

1. . Enunciate and prove Newton's first Lemma. In 
what Lemma is the idea of the ultimate ratio of two 
vanishing quantities first introduced ? 

Give Newton's answer to the objection, "that there 
can be no ultimate ratio of vanishing quantities, since their 
ratio cannot be considered ultimate before they have 
vanished, and after they have vanished there can be no 
ratio at all." 

2. State and prove Lemma VIL Draw a figure 
representing an intermediate state of the construction in 
this Lemma when the point B has moved up into a posi-^ 
tion nearer to A, 
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3. State and prove Lemma X, and shew that under 
the circumstances of the enunciation, 

force = 2 limit --V — ri: • 

(time)' 

4. If a body revolve about a fixed centra of force, 
the areas described by lines drawn from the body to the 
centre of force lie in one plane and are proportional to 
the times of describing them. 

Point out the laws of motion assumed in the proof 
of this proposition. 

5. The centripetal forces of bodies which describe 
different circles with uniform velocities tend to the centres 
of the ciircles, and are to each other directly as the squares 
of the arcs described in the same time, and inversely as 
the radii of the circles. 

How much must the length of the day be shortened, in 
order that the rotation of the Earth may be sufficiently 
rapid to destroy the weight of bodies at the equator ? 

6. A body describes an ellipse ; required the law of 
force tending to the centre. 

Give the reasoning by which Newton extends the 
result obtained to the case of a parabola, or an hyperbola. 
Is the same kind of reasoning applicable when the centre 
of fbrce is at the focus, instead of at the centre ? 

7. Find the law of force tending to the focus of a 
parabola. 

If the latus rectum of a parabola is 24 feet, and the 
velocity of a body revolving in it at the vertex is 2 yards 
per minute, find the time in which the body moves from 
the vertex to one end of the latus rectum. 

8. State Kepler's laws; and enunciate the various 
propositions in Newton by means of which they may be 
deduced from the theory of universal gravitation. 

How does this theory account for the deviations from 
the exactness of these laws which accurate observations 
have shewn to exist? 
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9. Describe the phenomenon of the Sun^s apparent 
motion among the stars, and mention the two principal 
hypotheses which have been made to account for it. 

What are the chief ar^gmnents in favour of the received 
hypothesis, that the Earth moves round the Sun in an 
orbit inclined to the phme of the equator ? 

When does the Sun set at the point of the horizon 
opposite to that at which it rose ? 7 ^ y^^^r" ^^CS^. 

10. Explain the kinds of observations which a transit, 
a mural circle, and an equatoreal are respectively designed 
to make. Describe the process of finding the error and 
rate of a clock at an observatory, 

11. Distinguish between sidereal time, solar time, and 
mean solar time; and explain why the time indicated 
by the common clock is sometimes before, sometimes be- 
hind that indicated by the dial. 

The equation of time at noon on one day is 3™ 14', and 
at the succeeding noon is 3™ 12", what time ought a corr 
rect watch to shew when a sun-dial marks 6 o'clock on the 
evening of the former day ? 

12. Give an explanation of the phenomenon of refrac- 
tion, and point out the astronomical observations, made in 
the plane of the meridian, which are affected by it. 

What is the cause of twilight ; and why is its duration 
so mueh less in the tropics than in the higher latitudes ? 

13. What is meant by the Precession of the Equi- 
noxes; how is its existence manifested, and what is the 
physical cause of it? 

14. Account for the phases of the Moon in the course 
of a month, and shew how a lunar eclipse arises. 

Why are the satellites of Jupiter more frequently 
eclipsed than the Moon ? 

15. Explain how the finite velocity of light causes a 
difference between the real and apparent places of a fixed 
star. What additional consideration arises in the case of 
a planet? 



r 
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16. Shew how the Moon's motion among the stars is 
made to determine the longitude at sea. 



Saturday, Jan, 8. 1...4. . 

1. If the hypotenuse AB of a right-angled triangle 
ABC be bisected in 2>, and EDF drawn perpendicular to 
AB, and BE, DF cut off each equal to DA, and CE, CF 
joined, prove that the last two lines will bisect the angle at 
C and its supplement respectively. 

2. A, B, C are three given points in the circumference 
of a given circle ; find a point P such that if AP, BP, CP 
meet the circumference in Z>, E, F, the arcs DE, EF may 
be equal to given arcs. 

S, The angles of a quadrilateral inscribed in a circle, 
taken in order, when multiplied by i, 2, 2, 3 respectively, 
are in arithmetical progression, find their values. 

4. A ship sails with a supply of biscuit for 60 days, at 
a daily allowance of 1 lb. a head ; after being at sea 20 
days she encounters a storm, in which 5 men are washed 
overboard, and damage sustained that will cause a delay of 
24 days, and it is found that each man's allowance must be 
reduced to |^lb. ; find the original number of the crew. 

5. If a, b, and a^ be positive, and a>b, prove that 

a? + a w + b -, /— — 

^'^ — 773 — n^ according as ofxyab. 



6. If a, by c be in harmonic progression, and n be a 
positive integer, shew that a** + c" > 26". 

7. Prove that sin 30 sin^ 9 + cos 30 cos^d = cos"^2d. 

8. Having given the three right lines drawn from any 
point to the three angular points of an equilateral triangle, 
determine a side of the triangle. * 

9. Given the lengths of the axes of an ellipse, and the 
positions of one focus and of one point in the curve, give a 
geometrical construction for finding the centre. 
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10. P 18 any point in on ellipse, AA its axis major, 
NP an ordinate to the point P; to any point Q in the 
curye draw AQ,^ A'Q meeting NP in R and S\ shew that 

NR.NSm NP'. 

11. PSp is a focal chord of a parabola, RDr the 
directrix, meeting the axis in 2> ; Q is any point in the 
curve ; prove that if QP^ Qp produced meet the directrix 
in R, r, half the latus rectum will be a mean proportional 
between DR, Dr. 

12. Two bodies acted upon by gravity are projected 
obliquely from two given points, in given directions and 
with given velocities ; determine their position when their 
distance is the least possible. 

13. A railway train is going smoothly along a curve 
of 500 yards radius at the rate of 30 miles an hour ; find at 
what angle a plumb-line hanging in one of the carriages 
will be inclined to the vertical. 

14. If a body be projected from a given point in a 
given direction with a given velocity, and be acted on by 

a force tending to S and varying as , prove that if 

PSp be any focal chord of the body's path the sum of the 
squares of the velocities at P and p will be constant. 

15. A number of balls of given elasticity Ay B, C... are 
placed in a line ; J is projected with a given velocity so as 
to impinge on B; B then impinges on C, and so on ; find 
the masses of the balls B, C.in order that each of the 
balls J, By C.may be at rest after impinging on the 
next ; and find the velocity of the n^^ ball after it9 impact 
with the {n - lf\ 

16. An imperfectly elastic boU is projected in a given 
direction within a fixed horizontal hoop, so as to go on 
rebounding from the surface of the hoop ; find the limit to 
which the velocity of the ball will approach ; and shew that 
it will attain this limit at the end of a finite time. 



r 
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17. If Q, g^ be two points in the radius of a spherical 
refracting surface whose centre is E, such that EQ : Eq 
:: the sine of incidence : the sine of refraction, determine 
geometrically the position of the point P so that a ray 
proceeding from Q and incident upon the surface at P 
may after refraction proceed from q. 

18. If a ray of light after being reflected any number 
of times in one plane at any number of plane surfaces 
retiuTi on its former course, prove that the same will 
be true of any ray parallel to the former which is reflected 
at the same surfaces in the same order, provided the num- 
ber of reflections be even. 

19. An inverted vessel formed of a substance which is 
heavier than water contains enough of air to. make it float ; 
prove that if it be pushed down through a certain space, it 
wiU be in a position of unstable equiUbrium ; and deter- 
mine the space in question* 

20. A uniform piston, terminated by a plane of area 
A perpendicular to its side, is inserted into an orifice in a 
vessel containing fluid ; prove that the work done in gently 
pushing in the piston through a small space a is ultimately 
equal to the work done in lifting a portion of the fluid of 
volume As through a height equal to the depth of the 
centre of gravity of the plane below the surface of the 
fluid. 

21. Two equal slender rods AB^ AC moveable about 
a hinge at A and connected by a string BC rest with the 
angle A immersed in a given fluid ; determine the tension 
of the string BC. 

22. If a rectangular court be enclosed within a wall 
of given height, and one of its sides be inclined at an angle 
of 3€P to the meridian, determine the breadths of the 
shadows of the walls on a g^ven day at noon, and the por- 
tions of the courts and walls which will be enveloped in 
the shadow, the latitude being 52^ SO' N., and the Sun's 
declination on the given day 7^ 30' N. 
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1849- 

MODBRATORS. 

William Bonner Hopkins, MA., St Catharine's Hall. 
Harvbt Goodwin, MA., Caius College. 

Examiners. 

George Gabriel Stokes, MA., Pembroke College. 
Stephen Parkinson, M.A., St John's College. 



Thursday, Jan. 4. 9...12. 

1. Describe an equilateral triangle upon a given finite 
straight line. 

By a method similar to that used in this problem, de- 
scribe on a g^Ten finite straight line an isosceles triangle, 
the sides of which shall be each equal to twice the base. 

2* K a side of any triangle be produced, the exterior 
angle is equal to the sum of the two interior and opposite 
angles ; and the three interior angles of every triangle are 
together equal to two right angles. 

Can you give Legendre's method of demonstrating this 
proposition, which depends upon the necessary homoge- 
neity of algebraical equations, or any demonstration other 
than Euclid's ? 

3. Dividie a given straight line into two parts, so that 
the rectangle contained by the whole and one of the parts 
shall be equal to the square of the other part. 

Shew that in Euclid's figure four other lines, beside the 
given line, are divided in the required manner. 

4. If a straight line touch a circle, the straight line 
drawn from the centre to the point of contact shall be 
perpendicular to the line touching the circle. 

Give a direct demonstration of this proposition by the 
method of limits. 



\ 
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5. Inscribe a circle in a given triangle. 

Sow may a circle be described touching one side and 
the produced parts of the other two ? 

6. K any number of magnitudes be proportionals, as 
one of the antecedents is to its consequent, so shall all the 
antecedents taken together be to all the consequents. 

T7hat restriction is here ipipli^d as to the species of 
the magnitudes? 

7» The sides about the equal angles of equiangular 
triangles are proportionals, and those sides which are oppo^ 
site to the equal angles are homologous. 

Apply this proposition to prove that the rectangle con- 
tained by the segments of any chord passing through 
a given point within a circle is constant,. 

8. Define compound ri^tio ; and prove that equiangular 
parallelograms have to each other the ratio which is com- 
pounded of the ratios of their sides. 

Of what use is this proposition in the application of 
Algebra to Geometry ? 

9. Draw a straight line perpendicular to a plane from 
a given point without it. 

Prove that equal right lines drawn from a given point 
to a given plane are equally inclined to the plane. 

10. In the parabola, the rectangle under the latus 
rectum and an abscissa of the axis is equal to the square 
of the semi-ordinate. 

1 1 . The normal at any point of an ellipse bisects the 
angle between the focal distances. 

Can you deduce the proof of this proposition from, 
mechanical considerations ? 

12. The perpendiculars from the foci on the tangent 
to an ellipse intersect the tangent in the circumference 
of a circle having the axis major as diameter. 

Deduce from this an analogous proposition for the 
parabola. 

9 
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IS. In the cOlipse, if the coiflugate diameter meet 
either focal digtanoe in £, P£ wiU be equal to AC. 

14. Define the circle of curvature ; and prove that in 
the ellipse the diameter, the conjugate diameter, and the 
chord of curvature passing through the centre, are in 
continued proportion. 

15. If a tangent be drawn to a hyperbola, and be 
terminated by the asymptotes, it will be bisected in the 
point of contact. 

Apply this proposition to prove directly that the area 
of the triangle contained by the tangent and the asymp- 
totes is constant. 

If SVs, TVt be two tangents cutting one asymptote in 
the points S, T, and the other in «, /, prove that 

rS : Fi :: Vt : YT. 

16. The section of a right cone by a plane parallel to 
a line in its surface, and perpendicular to the plane con- 
taining that line and the axis, is a parabola. 

The foci of all parabolic sections which can be cut from 
a given right cone lie upon the surface of another cone. 



Thursday, Jan. 4. 1^...4. 

1, Shew that the value of a product does not depend 
upon the order of its factors, the factors being commen- 
surable. Extend your proof to the case of incommensurable 
factors. 

2. A "person rents a piece of land for £120 a year. 
He lays out £625 in buying 50 bullocks. At the end of 
the year he sells them, having expended £l2. XOs. in labour. 
How much per head must he gain by them, in order 
to realize his rent and expenses, and 10 per cent, upon his 
original outlay ? 



J 
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5. A person in London owes another in Petersburgh 
a debt of 460 rubles, which must be remitted through Paris. 
He pays the requisite sum to his broker, at a time when 
the exchange between London and Paris is 23 francs for £l, 
and between Paris and Petersburgh 2 francs for one ruble. 
The remittance is delayed until the rates of exchange are 
24 francs for £l, and S francs for 2 rubles. What does the 
broker gain or lose by the transaction f 

4. Prove the rules for the multiplication and division 
of decimals. Shew that every vulgar fraction must produce 
either a terminating or a recurring decimal. 

If — be a fraction, and if a and the successive remain* 
b 

ders be multiplied by a series of quantities q, q\ q\ &Q,, 
and the successive products be divided by b, giving quo- 
tients p, p\ p\ &c., shew that 

a p p' V'* Q 
r - - + — / + -^+ &c. 
b q qq qqq 

5. Prove the rule for extracting the square root of an 
integer. 

6. Assuming generally that a", a" = «"•+*, determine 
the meaning which must be assigned to a"* when m is frac- 
tional or negative. 

7. Solve the equations : 

a + tn . -ci7 — m 

{a + 0?) . 

x " n 



0) 


(a - 0?) 

^ a? + » 


(2) 


a^ + ^(i?m « a*< 


(3) 


(x^ + y« = a*, 



8. Shew that a ratio of greater inequality is diminished 
by adding the same quantity to both terms. 

9. Find the number of combinations of n things taken 
r together ; and shew that the number of combinations of 

9 — 2 
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n things taken r together is eqnal to the number taken 
n ^ r together. 

There are n points in a plane, no three of which are in 
the same straight line, with the exception of p, which are 
all in the same straight line; find the number of lines 
which result from joining them. 

10, Define the cosine of an angle; and trace its 
changes in sign and magnitude as the angle increases from 

1 35^ to 405®. 



Construct the angle whose tangent is 3 - v 2» 

11. Express sin^ in terms of sin 2^; explain why 
there are four values, and how the correct one is to be 
selected.. 

Ex. Find sin SP and sin 81®. 

12. Two sides and the included angle of a triangle 
being given, shew how to find the remaining angles. 

The ratio of two sides of a triangle is 9 : 7» and the 
included angle is 47^ 25\ find the other angles* 

Given log 2 « '3010300, 

L tan 66° 17' SO" = 10-3573942, 

L tan 15» 53' = 9-4541479 ; diff. l' = 4797. 

13. Find the area of a quadrilateral figure, whose 
opposite angles are supplementary, in terms of its sides. 

If the sides taken in order are 3, 3, 4, 4, find the area, 
and the radii of the inscribed and circumscribed circles. 

14. Shew how to find the height of an object above 
a horizontal plane, from observations made at two given 
stations in the plane. 

The angular elevation of a tower at a place A due 
feouth of it is SOP, and at a place B, due west of J, and at 
the distance a from it, the elevation is 1 8^ ; shew that the 

height of the tower is . , = . 

V 2\/5 + 2 



SENATE-HOUSE PROBLEMS* 133 

15. Define a logarithm; and find that of 256 to the 
base Sy/sl 

^What is the advantage of taking 10 for the base of 
a system of logarithms ? 

Calculate a table of proportional parts for every lo'', 
corresponding to a tabular difference of 4797 for l". 



Friday, Jan. 5. 9. ..12. 

1 . Assuming the Parallelogram of Forces, so far as 
the direction of the resultant is concerned, shew that the 
diagonal of the parallelogram represents the magnitude of 
the resultant. 

The resultant of two forces is 10 lbs., one of them is 
equal to 8 lbs., and the direction of the other is inclined to 
the resultant at an angle of 3&. Find the other force, and 
the angle between the two. 

2. Two forces act in the same plane at given points in 
a rigid body ; if any point of a certain straight line be fixed, 
shew that there will be equilibrium. Also if perpendiculars 
be drawn from this point upon the directions of the forces, 
the forces will be to each other inversely as these per- 
pendiculars. 

3. Find the relation between P and W in the system 
of pullies in which the same string passes round all the 
puUies. 

A'triangular plane ABC is kept in equilibrium by three 

systems of pullies of the above kind, each having one 

block fastened to a fixed external point and the other 

attached to an angular point of the triangle by a string 

whose direction bisects the angle. The same string passes 

round all the pullies and is solicited by a certain force. 

Shew that the numbers of the strings between the pullies 

ABC 
are as cos — : cos — : cos — - 

2 2 2 
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4. State and explain the conditions necessary and 
sufficient for the equilibrium of a body which has one 
or more points in contact with a smooth plane, and is 
acted upon by any forces. 

A triangular board of given weight rests in equilibrium 
with its base on a horizontal plane sufficiently rough to 
prcTcnt aU sUding. A force acts upon it in its own plane 
and in a g^ven line drawn through the vertex and without 
the triangle ; find by a geometrical construction, or other- 
wise, the limits between which the magnitude of the force 
must lie if the equilibrium is preserved. 

5. Explain the nature of the action and reaction of 
smooth surfaces in contact. 

Two equal circular disks with smooth edges, placed on 
their flat sides in the comer between two smooth vertical 
planes inclined at a given angle, touch each other in th^ 
Une bisecting the angle. Find the radius of the least disk 
which may be pressed between them without causing them 
to separate. 

6. Find the relation between the power and the weight 
upon the Screw ; and shew that 

P W^s virtual velocity 
W P's virtual velocity * 

7. Find the centre of gravity of a triangle. 

One comer of a triangle, equal to - th part of its area, 

n 

is cut off by a line parallel to its base ; find the centre of 

gravity of the remainder. 

8. State the second law of motion and explain its use ; 
and mention some experiments which give results in ac-' 
cordanoe with it. 

9. Distinguish between accelerating and moving force.^ 
Explain what is meant by the phrase ** action and reaction 
are equal and opposite.'' 
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10« If a body be projected with a velocity ti, and acted 
on by a uniform force / in the direction of motion, shew^ 
that the space passed over in the time f will be t^^ -f ^/^^* 

A particle moves over 7 feet in the first second of the 
time during which it is observed, and over 11 and 17 feet 
in the third and sixth seconds respectively. Is this con* 
sistent with the supposition of its being subject to the 
action of a uniform force ? 

11. Two equal balls A and B are moving with given 
velocities in the same plane in directions at right angles to 
each other, and the line joining their centres at the instant 
of impact is in the direction of A\ motion. Determine 
tiieir motions after impact, supposing them smooth and 
inelastic. 

IS. A heavy particle is drawn up an inclined plane by 
means of another attached to it by a string passing over 
the upper edge of the plane, the latter particle descending 
vertically ; find the accelerating force. 

Find also the tension of the string; and state what 
would take place if the string were cut at any instant. 

IS. The velocity of a projectile at any point of its 
parabolic path is that which would be acquired by a body 
falling freely from the directrix to that point. 

If a body be projected with a given velocity so as 
to pass through a given point, construct the direction 
of projection. 

I4v A heavy particle slid^ down an inclined plane of 
given height under the action of gravity ; find the time of 
descent and the velocity acquired. 

K at the bottom of the inclined plane it rebound from 
a hard horizontal plane, what must be the inclination of the 
former that the range on the latter may be the greatest 
possible ? 

15. How may a pendulum be made to oscillate in 
a cycloid? 
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A pendulum which oscillates seconds at one place is 
carried to a place where it gains two minutes a day ; com-* 
pare the force of grayity at the latter place with that 
at the former. 



Friday, Jan. 5. \\..A. 

1. Distinguish between compressible and incompressi- 
ble fluids. Explain how fluid pressure is measured. 

In the equation p s hp^ which connects the pressure 
and density of an elastic fluid. A; is a quantity of two dimen- 
sions with respect to space ; shew why £ is a quantity of 
this kind. 

2. The surface of a heavy incompressible fluid at rest, 
is a horizontal plane. 

Is this true practically of the surface of a liquid con<^ 
tained in a vessel of finite dimensions ? 

5. Define specific gravity. 

The specific gravity of coal is about 1.12, thdt of water 
being l, and a cubic foot of water weighs 1000 oz. ; find 
the edge of a cubical block of coal which weighs 2000 tons^ 

4. Determine the whole pressure on a surface im- 
mersed in a heavy fluid of uniform density. 

What must be the vertical angle of a conical vessel, in 
order that when it is placed with its vertex upwards, and 
filled with heavy fluid through a hole at the vertex, the 
pressure on the curved surface may be to the pressure on 
the base as 4 to 3 ? 

Prove that the ratio above-mentioned cannot for any 
cone be less than 2:5. 

5. Describe Nicholson's Hydrometer, and shew how if 
may be applied to compare the specific gravities of two 
fluids. 



-J 
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6. If the atmosphere be supposed to be divided into 
indefinitely thin strata of equal thickness, the density of 
the air in those strata wiU be m geometrical progression. 

?• Describe Smeaton's Air-pump, and find the density 
of the air in the receiver after any number of ascents of 
the piston. 

If instead of the receiver we use a cylindrical vessel of 
ten times the capacity of the barrel, and cover the upper 
extremity with a diaphragm capable of sustaining only half 
the pressure of the atmosphere, find after how many ascents 
of the piston the diaphragm will burst. 

Given Iogio2 = 0.301 osoo, 

log ,0 11 - 1,041 3927. 

8. Determine the conditions of equilibrium of a float- 
ing body. 

A cylindrical vessel, the radius of the base of which is^ 
1 foot, contains water ; if a cubic foot of cork (sp. gr.s .24) 
be allowed to float in the water, find the additional pressure 
sustained by the curved surface, and by the base, re- 
spectively. 

9* Explain the formation of dew. Why is dew so 
much more copious in hot than in cold weather ; and why 
is the appearance of abundance of dew in* the morning an 
indication that the day will be fine ? 

10. Enunciate the laws of reflexion and refraction ; 
and state what you consider the most searching test of the 
truth of the latter. 

11. When rays diverging from a point are incident on 
a plane mirror, prove that the reflected rays diverge accu- 
rately from a point. 

Within what space must the eye be situated to see 
a given point by reflexion at the mirror; and within what 
space must a point be situated to be seen by the eye 
in a given position? 
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12. Find the geometrical focus of a pencil of parallel 
rays reflected at a spherical mirror; and prove that the 
intersection of any ray with the axis mores in the direction 
of the incident light, or in the contrary direction, (accord- 
ing as the mirror is concave or convex,) as the ray con- 
sidered moves from the axis. 

13. When diverging rays are incident nearly perpendi- 
cularly upon a spherical refracting surface, the distance of 
the focus of incident rays from the principal focus of rays 
coming in a contrary direction, is to its distance from the 
centre of the refractor, as its distance from the surface to 
its distance from the geometrical focus of refracted rays. 

If the coi^ugate foci are each at a distance from the 
surface equal to twice the radius, what is the index of 
refraction ? 

14. Determine by a geometrical construction the 
principal focus of a lens of inconsiderable thickness. 

15. Describe the human eye, and the defects of long 
sight and short sight ; and shew how they may be remedied 
by the use of spectacles. 

16. Draw a figure representing the course of an ob- 
lique pencil through Gregory's telescope, explaining the 
principal parts of the figure. 



Saturday, Jan. 6. 9... 12. 

1. Enunciate and prove Newton's foiu-th Lemma. 

In Lemma X., if the velocity vary as the square of the 
time, shew that the space will vary as the cube of the time. 

2. Define similar ciu^es, and shew that all parabolas 
are similar to each other. 

Describe an instrument which is adapted for drawing 
curves similar to given curves. 
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s. Enundate and prove Lemma IX. 

« 

4. A body which moves in any plane curve, and, 
a radius being drawn to a point either fixed or moving 
uniformly in a right line, describes areas about that point 
proportional to the times, is acted on by a centripetal 
force tending to that point. 

5. A body describes a parabola under the action 
of a force parallel to the axis ; determine the law of force. 

Find the velocity at any point, and the time of moving 
from the vertex to the extremity of the latus rectum. 

6. Find the law of force under the action of which 
a body may describe an ellipse, one of the foci being the 
centre of force. 

J£vyv' be the velocities at the extremities of any focal 
chord, and u that at the extremity of the latus rectum, 
then will v*, u^, t>'* be in arithmetical progression. 

7. A body moves in the circumference of a circle; 
find the law of force tending to an external point. Is the 
force attractive or repulsive ? 

8. Given the velocity at any points whatever of an 
orbit described by a body under the action of a central 
force, find the position of the centre. 

9. Describe the change of appearance presented by 
the starry heavens in the course of a night. How would 
the phenomena be altered to a person travelling south- 
wards ; and how would the notion he might have previously 
formed that the Earth was isolated in space be confirmed 
by his journey ? How does it appear that the Earth must 
be regarded as a point with respect to the distances of the 
stars? 

10. Describe the Transit Instrument, without entering 
into an account of its adjustments. 

11. Define the terms Meridian, Vertical Line, Zenith. 
How do we arrive at the conclusion, that the vertical line 
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is not the line joining the place considered mth the centre 
of the Earth ; and what are the physical causes why the 
two are different ? 

12. How does it appear from observation that the 
apparent patii of the Sun among the fixed stars is a great 
circle ? Why are the points of intersection of the Ecliptic 
and Equator called Equinoxes ? 

Describe the diurnal and annual motions of the Sun as 
they would appear to a person at the Korth Pole ? 

13. Define sidereal time, solar time, and mean solar 
time. 

How are differences of terrestrial longitude determined 
by means of chronometers ? 

14. What is meant by the Equation of Time, and to 
what two causes is it principally due ? How do the parts 
depending on these two causes respectively alter in the 
course of a year ? 

15. Define parallax. By what sort of observations are 
the parallaxes of the Moon and Sun respectively deter- 
mined ? Why are transits of Venus more valuable for the 
latter purpose than transits of Mercury ? 

16. Explain how the attractions of the Sun and Moon 
produce the tides ; and account for spring tides and neap 
tides. 



Saturday, Jan. 6. 1...4. 

1. Through a point (7 in the circumference of a circle, 
two straight lines ACB, DCE, are drawn, cutting the circle 
in B and JE ; prove that the straight line which bisects the 
angles ACE, DCS meets the circle in a point equidistant 
from B and E. 

2. Two circles intersect in A and B. At A, the tan- 
gents AC, AD are drawn to each circle and terminated by 
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the Circumference of the other. If BC^ BD be jomed, 
shew that ABy or AB produced if necessary, bisects the 
angle CBD. 

3. Draw a line to touch one given circle, so that the 
part of it contained by another given circle shall be equal 
to a given straight line not greater than the diameter of 
this latter circle. 

4. Reduce to its simplest form the expression 

(1 - a») (1 -- 6«) (1 - pg) - (c 4 ab) (6 + ca) {a + be) 

5. Find a whole number which is greater than three 
times the integral part of its square root by unity. Shew 
that there are two solutions of the problem and no more. 

6. If (f> " Qs <j>, (f> + ahe three angles whose cosines are 
in harmonica! progression, shew that 

cos d> « \/i . cos - . 

7. A person, wishing to ascertain his distance from an 
inaccessible object, ignds three points in the horizontal 
plane at which the angular elevation of the summit of the 
object is the same. Shew how the distance may be found. 

8. Draw a parabola to touch a given circle in a given 
point, so that its a^s may touch the same circle in another 
given point. 

9. If a circle be described touching the axis major of 
an ellipse in one of the foci, and passing through one 
extremity of the axis minor, the semi-axis major will be a 
mean proportional between the diameter of the circle and 
the semi-axis minor. 

10. If AB, CD, two lines in an ellipse, not parallel to 
each other, make equal angles with either axis ; the lines 
AC, BD and AD, BC will also make equal angles with 
either axis. 



\ 
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11. TVo forces F and F"^ acting in the diagonab of a 
parallelogram, keep it at rest in such a position that one 
of its edges is horizontal ; shew that F sec a^f sec a' 
« IFcosec (a + a'),' where W is the weight of the parallelo- 
gram, a and a the angles between its diagonals and the 
horizontal side. 

12. A quadrilateral figure possesses the foflowing pro* 
perty ; any point being taken and four triangles formed by 
joining this point with the angular points of the figure, the 
centres of gravity of these triangles lie in the circumference 
of a circle : prove that the diagonals of the quadrilateral 
are at right angles to each other. 

15. If the angle of a hollow cone polished internally 
be any submultiple of 180*, a cylindrical pencil of rays 
incident parallel to the axis will after a certain number 
of reflexions be a cylindrical pencil parallel to the axis, and 
of the same diameter as the incident pencil. 

14. A cubical box is half filled with water and placed 
upon a rough rectangular board, so as to have the edges of 
its base parallel to those of the rectangle ; if the board be 
slowly inclined to the horizon, determine whether the box 
will slide down or topple over. 

15. A body floats in a mixture of two given fluids with 
a volume A immersed ; one-half of the mixture being re- 
moved, and its place supplied by an equal quantity of the 
lighter fluid, the same body floats with a volume A-^B 
immersed. Determine the ratio of the quantities of fluid 
in the original mixture, supposing the volunie of the mix- 
ture to be equal to the sum of the volumes of the com- 
ponent fluids. 

Explain the result when the densities of the fluids are 
as^ + £to^-£. 

16. There are two walls of equal known height at 
right angles to each other, and running in known direc- 
tions ; shew how to find the Sun's altitude and azimuth by 
observing the breadth of the shadows of the two walls 
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at any given time. And prove that the sum ot the squares 
of the breadths of the shadows will be the same whatever 
be the direction of the walls. 

17. If the same two stars rise together at two places, 
the places will have the same latitude. And if they rise 
together at one place and set together at the other, the 
places will have equal latitudes, but one North and the 
other South. 

18. A body is projected from a given point in a hori- 
zontal direction with given velocity, and moves upon an 
inclined plane passing through the point. If the inclination 
of the plane vary, find the locus of the directrix of the 
parabola which the body describes. 

19. An imperfectly elastic ball lies on a billiard-table, 
determine the direction in which an equal ball must strike 
it in order that they may impinge upon a side of the table 
at equal given angles. 

20. The circle described through two pmnts <^ an 
equiangidar spiral and the point of intersection of the tan- 
gents at those points will pass through the pole. Prove 
this, and apply the proposition to shew that the curvature 
at any point of an equiangular spiral varies inversely as 
the distance of the point from the pole. 

21. A bead rimning upon a fine thread the extremities 
of which are fixed describes an ellipse in a plane passing 
through the extremities, under the action of no external 
force ; prove that the tension of the thread for any given 
position of the bead is inversely proportional to the square 
of the conjugate diameter. 

22. The centres of two equal spheres (elasticity e^ 
radius r,) move in opposite directions in a circle (radius R) 
about a centre of force varying inversely as the square of 
the distance ; determine the motion of the spheres after 

they have impinged, supposing that e = — — — ; and prove 

that the latus rectum of the conic section described after 
the second impact will be ^^R. 
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1850. 

Moderators. 

Lewis Hbnslby, M.A.9 Trinity College. 
John Sykbs, M.A., Pembroke College. 

Examiners. 

William Bonner Hopkins, M.A., St Catharine's Hall. 
Archibald Sandbman, M.A., Queens' College. 



Thursday, Jan. 3. 9 ... 12. 

1. The opposite sides and angles of parallelograms are 
equal to one another, and the diameter bisects them, that 
is, divides them into two equal parts. 

If the opposite sides, or the opposite angles of any 
quadrilateral figure be equal, or if its diagonals bisect one 
another, the quadrilateral is a parallelogram. 

2. Describe a square which shall be equal to a given 
rectangle. 

Given a square and one side of a rectangle which is 
equal to the square, find the other side. 

3. In a circle, the angle in a semicircle is a right 
angle ; the angle in a segment greater than a semicircle is 
less than a right angle ; and the angle in a segment less 
than a semicircle is greater than a right angle. 

The greatest rectangle that can be inscribed in a circle 
is a square. 

4. Cut off a segment from a given circle which shall 
contain an angle equal to a given rectilineal angle. 

Divide a circle into two segments such that the angle 
in one of them shall be five times the angle in the other. 

5. Describe an isosceles triangle, having each of the 
angles at the base double of the third angle. 

Shew that the base of the triangle is equal to the side 
of a regular pentagon inscribed in the smaller circle of the 
figure. 



r 
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6. Find a third proportional to two given straight lines. 

^ S is a diameter, and P any point in the circumfer- 
ence of a circle ; AP and BP are joined and produced if 
necessary: if from any point C of AB a perpendicular 
be drawn to AB meeting AP and BP in points D and E 
respectively, and the circiunference of the circle in a 
point F^ shew that CD is a third proportional to CE and 
CF. 

7* If two straight lilies be at right angles to the same 
plane, they shall be parallel to on^ apother. 

8. If a line be drawn bisecting the angle between the 
focal distance of any point of a parabola and a perpendicu- 
lar from that point upon the directrix, every point of the 
line will lie outside the parabola. 

9. The perpendiculars from the foci on the tangent 
of an ellipse intersect the tangent in the circumference of 
a circle having the axis m^*or as diameter. 

Employ this proposition to find the locus of the inter- 
section of a pair of tangents at right angles to each other. 

10. The rectangle under the abscissaa of any diameter 
of an ellipse is to the square of the semiordinate, as the 
square of the diameter is to the square. of the coiyugate. 

(PF . VG : QV^ :: CP^ : CD% 

11. In the hyperbola the rectangle under the lines 
intercepted between the centre and the intersections of 
the axis with the ordinate and tangent respectively is 
equal to the square of the semiaxis major. 

(CN.CT^AC). 

Through N draw NQ parallel to AP to meet CP in Q ; 
prove that ^Q is parallel to the tangent at P. 

12. If a point K be taken in the major axis of the 
hyperbola such that CK is a third proportional to CS and 
CA, and a perpendicular to the axis be drawn through JST, 
the distance of any point in the curve from this line will 
bear a constant ratio to its distance from the point iS. 

10 
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13. If a right cone be cut by a plane, which is parallel 
to a line in the surface, and perpendicular to the plane 
containing that line and the axis, the section is a parabola. 

What is the section when the cutting plane is parallel 
to a generating line but not perpendicular to the plane 
containing the axis and that line ? 

14. Find the diameter of curvature at any point of an 
ellipse. 

If an ellipse, a parabola, and a hyperbola have a com- 
mon tangent and the same curvature at the vertex, the 
ellipse will lie entirely within the parabola and the parabola 
entirely within the hyperbola. 



Thursday, Jan, 3. 1|...4. 

1. Explain how numbers are represented in the de- 
cimal notation. 

From the number represented by 5063 subtract that 
represented by 3297, explaining every part of the process ; 
and thence infer the general rule. 

2. Shew how to find the least whole number which is 
accurately divisible by each of two given whole numbers. 

Find the least number of ounces of standard gold that 
can be coined into an exact number of half-sovereigns ; 
standard gold being coined at the rate of £3. 17 s. lO^d. to 
an ounce. 

3. If a quantity vary directly as a when b is invari- 
able, and inversely as b when a is invariable ; prove that it 

will vary as -- when both a and 6 are variable. 

b 

If 5 men and 7 boys can reap a field of corn of 125 
acres in 15 days ; in how many days will 10 men and 3 boys 
reap a field of corn of 75 acres, each boy's work being 
1- of a man's? 
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4f. If four quantities be proportionals according to 
Euclid's definition, shew that they will be proportionals 
according to the algebraic definition. 

If a : a K 6 : 5' «» c : c' «» &c. shew that 

a : a' =8 aa + 6)3 + C7 + ... : a a + 6'j8 + cy + ••* 

a, /3, 7... being any quantities. 

5. A mixture of soda and potass, dissolved' in 2540 
grains of water, took up 930 grains of aqueous sulphuric 
acid, and the weight of the compound solution was 4285 
grains. Find how much potass, and how much soda the 
mixture contained, assuming that aqueous sulphuric acid 
unites with soda in the proportion of 49 grains to 32, and 
with potass in the proportion of 49 to 48, 

6. Solve the equations : 

(1) m +n = m + w. 

(2) 0?' + 2aa? + 6*e 0. 

ia(y + x) -ysf = 0, 
b(x + ^) - afo; = 0, 
c(^ + y) - ^y «o. 

7* Find the sum of a series of quantities in geome- 
trical progression, and apply the result to find a common 
fraction equivalent to a recurring decimal fraction. 

If a be the first, and / the last of a series of n quantities 
in geometrical progression, prove that the continued pro- 
duct of the terms of the series is (a/)*. 

8. Define the tangent of an angle, and trace its 
changes of sign and magnitude through the four quad- 
rants. 

Find when sin A and vers J will have the same sign. 

9. Prove the following fonrndae : 

(a) sin (^ + J?) = sin A cos J? + sin £ cos J 

(6) sin 2 A B 2 sin ^ cos A* 

(c) cos sA^ii cos* A -^ 3 cos A. 

Find cos 3(fi, and sin 63^. 

10—2 
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10. Shew tliat in general it will be possible to deter- 
mine two triangles in which two sides and the angle oppo- 
site to the less are of giren magnitades. 

Jf a,b^ J? be giren, and a be > fr, and if c, c' be the two 
Talues found for the third side of the iariangle, then 

c* - 2ce COB2B + c'* e 4 V cos* JB. 

11. If a, b, che the sides of a triangle, prove that its 
area is equal to 

Apply this expression to find the area when the angle 
opposite to e is a right angle. 

12. If J + J? 4- C s 180^, prove that tan 4 -¥ tan B 
+ tan C B tan A tan B tan C. 

If a, /3« 7 denote the distances from the angular points 
of a triangle to the points of contact of the inscribed circle, 
shew that the radius of the circle is equal to 

0/87 \i 



Va + fl + 'v/ 



15. A tower 51 feet high has a mark at the height of 
25 feet from the ground ; find at what distance the two 
parts subtend equal angles to an eye at the height of 5 feet 
from the ground. 

14. Define a logarithm, and shew how to deduce the 
logarithm of a number to base h from its logarithm to 
base a. 



Friday, Jan. 4. 9... 12. 

1. Assuming that the diagonal of a parallelogram re- 
presents the direction of the resultant of two forces acting 
at a point, the magnitudes and directions of the forces 
being represented by the sides of the parallelogram, shew 
that the diagonal will also represent the magnitude of the 
resultant. 
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2. If three forces which act in a phine keep a rigid 
body at rest ; prove that their lines of action either are 
parallel, or pass through a pointy and in both cases shew 
tliat any two of the forces are inversely proportional to the 
perpendiculars drawn on their respective lines of action 
from any point in the line of action of the third. 

An uniform . heavy rod of given length is to be sup- 
ported in a given position, with its upper end resting at a 
given point against a smooth vertical wall, by means of a 
fine thread attached to the lower end of the rod and to a 
point in the wall. Find by a geometrical construction the 
point in the wall to which the string must be attached. 

3. Find the ratio of the power to the weight neces- 
sary for equilibrium on the wheel and axle. 

If the axis about which the machine turns, coincide 
'with that of the axle, but not with the axis of the wheel, 
find the greatest and least ratios of the power and weight 
necessary for equilibrium, neglecting the weight of the 
machine. 

4. Define the centre of gravity of a heavy body, and 
prove that a body can have but one centre of gravity. 

Find the centre of gravity of a plane triangle. 

5. Five pieces of an uniform chain are hung at equi- 
distant points along a rigid rod without weight, and their 
lower ends are in a straight line passing through one end 
of the rod ; find the centre of gravity of the system. 

Also shew that if the system balance about a point of 
the rod in one position, it will balance about it in any 
position. 

6. Find the ratio of the power to the weight neces^ 
Bary for equilibrium on an inclined plane, when the power 
acts along the plane. 

If the inclined plane be the upper surface of a wedge 
whose under surface rests on a smooth horizontal table, 
find the horizontal force which must act on the wedge to 
keep it at rest. 
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7. In the system of pulleys in which the strings are 
parallel and each pulley hangs by a separate string, find 
the ratio of the power to the weight necessary for equili- 
brium on the principle that any motion of P along its line 
of action : resulting motion of TT :: W: P. 

8. Explain clearly on what conventions with respect 
to units the equation P - Mf is true, where / expresses 
the accelerating effect of a force whose statical measure 
is P. 

A body weighing 10 lbs. is moved by a constant force 
which generates in a second a velocity of 1 foot per second ; 
find what weight the force would support. 

9. Shew that in uniformly accelerated motion 

A body falling in vacuo, under the action of gravity, is 
observed to fall through 144.9 feet and 177.1 feet in two 
successive seconds; determine the accelerating force of 
gravity, and the time from the beginning of the motion. 

10. Given the velocities of two bodies of which the 
masses are M, JkT and the elasticity e ; find the velocity 
of each body after a direct collision. 

Three equal balls are moving in. the same direction 
with velocities which are proportional to S, S, 1, and the 
distances between them were at a given time the same; 
shew that after impact the velocities will continue to be in 
arithmetical progression. 

11. Prove that if a heavy body fall down a smooth 
curve, the velocity at any point wUl be that due to the 
vertical height through which it has fallen. 

Shew how to place a plane of given length in order 
that a body may acquire a given velocity by falling down it, 

12. Find the curve described by a body projected in 
vacuo with a given velocity and in a given direction, ex- 
plaining the application of the second law of motion to the 
problem. 
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A smooth tube of uniform bore is bent into the form 
of a circular arc greater than a semicircle and placed in a 
vertical plane with its open ends upwards and in the same 
horizontal line. Find the velocity with which a ball that 
fits the tube must be projected along the interior from the 
lowest point; in order that it may pass out at one end and 
re-enter at the other. 

IS. If a particle oscillate in a cycloid, the time of an 
oscillation will be independent of the arc of vibration. 

A seconds pendulum waS too long on a given day by a 
small quantity a, it was then over-corrected so as to be 
too short by a during the next day: shew that the number 

a* 
of minutes gained in the two days was 1080 — nearly, if L 

be the length of the seconds pendulum. 



Friday, Jan. 4. 1^...4. 



2 



1. Find the pressure referred to a unit of area at any 
depth below the surface of a heavy incompressible fluid. 

If from every point in the vertical side of a rectangular 
vessel containing fluid a horizontal line be drawn propor- 
tional to the pressure at that point ; find the locus of the 
extremities of such lines ; and thence deduce the amount 
of the whole pressure upon one of the vertical sides of 
a cube filled with fluid, and the point of application of the 
resultant of the pressures. 

2. Determine the conditions of equilibrium of a float- 
ing body. 

3. Define specific gravity. 

Given weights of substances of known specific gravity 
are compounded; find the specific gravity of the com- 
pound. 

Eleven ounces of gold (sp. gr. 19.3) are mixed with one 
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ounce of copper (sp. gr. 8.8), find the specific gravity of 
the compound, supposing its Tolume to be the sum of the 
Tolumes of the two metals* 

4. DescHbe the Bal-ometer. 

Shew how the common barometer, which consists of a 
tube plunged into a cylindrical Tcssel, may be graduated 
so that the graduation may give correctly the pressure of 
the atmosphere. 

5. Describe Nicholson's hydrometer. 

Given two weights which cause the instrument to sink 
to a certain depth in two fluids, find the weight which will 
make it sink to the same depth in a mixture of known 
volumes of the two fluids. 

6. Give the experiment from which it is inferred that 
the pressure of air at a given temperature varies inversely 
as the space it occupies. 

If the temperature vary, what relation exists Ijctween 
the pressure, the volume, and the temperature ? 

A given quantity of air under the pressure of m pounds 
to the square inch occupies n cubic inches when the tem- 
perature is t, find how many cubic inches it will occupy 
under the pressure of m pounds to the square inch when 
the temperature is f. 

7. Shew how to graduate a thermometer, and to com^ 
pare the scale of two difi*erently graduated thermometers. 

The number which expresses a certain temperature on 
the centigrade scale is equal to the sum of the numbers 
which express the same temperature on Fahrenheit's and 
Beaumur'^s respectively ; find the numbers. 

8. A luminous point is placed between two plane mirrors 
inclined to each other at a given angle ; find the position 
of the images, and shew that their number is limited. 

9. Diverging rays are incident directly upon a con- 
cave refracting surface ; find the position of the geome- 
trical focus. 

Trace the corresponding positions of the conjugate 
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foci, and find where the distance between them is the 
greatest, when they ate between the centre and the sur- 
face. 

10. A ray of light is refracted through a prism in a 
plane perpendicular to its edge; find the deviation pro- 
duced by the refraction. 

A speck is situated just within a glass sphere; shew 
how much of the surface of the sphere must be covered in 
order that the speck may be invisible at all points outside 
the sphere on a line drawn from the speck through the 
centre. 

11* Point out the distinction between a real and a 
virtual image. 

A plane mirror is placed perpendicular to the axis of 
a concave spherical reflector, nearer to the principal focus 
than to the face, and between them ; rays from a very dis- 
tant object fall directly upon the spherical mirror ; trace 
the pencil by which an eye will see the image formed after 
two reflexions at each mirror. 

12. When an object is viewed through a convex lens, 
shew that there are circumstances under which the image 
may be erect or inverted, magnified or diminished. 

13. What advantages are attained by the use of a 
telescope, and how are these advantages limited in prac- 
tice ? Describe the common astronomical telescope. 

14. Trace a pencil of rays through Newton's tele- 
scope. 

Shew that the magnifying power is equal to the ratio 
of the diameter of a direct pencil which fills the object 
mirror to the diameter of the pencil which emerges from 
the eye-glass. 
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Satubdat, Jan. 5. 9... 12. 

1. Enunciatb and prove Newton's second Lemma. 

Hence shew that two quantities may vanish in an in- 
finite ratio to each other. 

2. State and prove the seventh Lemma. 

Define a subtense, and explain the bearing of your 
definition upon the proof of the Lemma. 

3. If a body move in free space under the action of 
a central force, the velocity at any point of the orbit varies 
inversely as the perpendicular let fall from the centre upon 
the tangent. 

If lines, proportional to the Earth's velocity, and always 
parallel to the direction of its motion, be drawn from a 
fixed point, shew that the extremities of these lines will 
trace out a circle. 

4. Having given the velocities at any points whatever 
of a curve which a body describes under the action of 
forces tending to a common centre ; find that centre. 

5. A body describes an ellipse, find the law of the 
centripetal force which tends to the centre of the ellipse. 

6. If several bodies revolve about a common centre, 
and the centripetal force vary inversely as the square of 
the distance from the centre, the latera recta of the orbits 
are to each other in the duplicate ratio of the areas which 
the radii drawn from the bodies to the centre describe in 
the same time. 

7. Given that thg centripetal force varies inversely as 
the square of the distance, and that the absolute force is 
known ; determine the curve which a body describes after 
being projected from a given point with a given velocity 
and in a given direction. 

The problem is to be solved for one case only. 
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8. Describe, in their chief features, the apparent mo- 
tions of the fixed stars and of the Sun ; and, supposing 
these appearances to arise solely from the motion of the 
!Earth, deduce the nature of the Earth's motion. 

9. Define the equator and ecliptic ; and explain how 
the position of a heavenly body is determined (l) by de- 
clination and right ascension, (2) by latitude and longitude. 

10. Describe accurately the errors of adjustment to 
which a transit instrument is liable ; and, in the case of 
each error, mention the positions of the heavenly bodies 
whose observed times of transit are least (or not at all) 
affected by it. 

11. Explain how the meridian altitude of a heavenly 
body is determined by a double observation with the 
mural circle. 

When the meridian altitude of a heavenly body is 
known, what other elements are required in order to de- 
termine its position among the fixed stars ? 

12. Account for the changes in the Moon's phases. 

Shew that the fuU Moon remains above the horizon of a 
place during nearly the whole of the night. 

Explain the cause of a lunar eclipse. 

13. Define sidereal, solar, and mean solar time. De- 
fine also the equation of time. 

If the Earth's orbit were circular, find when the equa- 
tion of time would change sign from positive to negative, 
and when from negative to positive. 

14. Explain the nature of aberration, and its efiect on 
the apparent positions of the fixed stars. 

Shew that, at any given time, all stars which lie in 
a certain great circle have no aberration in right ascen- 
sion. Also give a geometrical construction for finding 
stars that have no aberration in declination at a given 
time; and prove that the locus of such stars becomes a 
great circle twice a year. 
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Saturday, Jan. 5. 1...4. 

1. A NUMBBR of persons were engaged to do a piece 
of work which would have occupied them m hours if they 
had commenced at the same time, but instead of doing so 
they commenced at equal intervals and then continued to 
work till the whole was finished : the payment being pro- 
portional to the work done by each, the first comer re- 
ceived r times as much as the last ; find the time occupied. 

2. If ABCD be a parallelogram, and P, Q ^^o points 
in a line parallel to ABy and if PAy QB meet in R and 
PD, QC in S, prove that ES is parallel to AD. 

3. Two sides of a triangle whose perimeter is constant 
are given in position ; shew that the thh-d side always 
touches a certain circle. 

4. Shew that the product of the terms of an arithme^ 

tical progression is greater than {al)i ; and that the smn of 

fi 

the terms of a geometrical progression is less than {a + I)-; 

where in both cases a, I and n denote the first and last 
terms and the number of terms respectively. 

5. If from any point P of a circle, PC be drawn to 
the centre C, and a chord PQ be drawn parallel to the 
diameter ACB and bisected in R, shew that the locus of 
the intersection of CP and AR is a parabola. 

6. From P a point in an ellipse lines are drawn to A^ 
B the extremities of the major axis, and from A, B lines 
are drawn perpendicular to AP, BP ; shew that the locus 
of their intersection will be another ellipse, and find its 
axes. 

7. If two ellipses, having the same major axes, can be 
inscribed in a parallelogram, the foci of the ellipses will lie 
in the comers of an equiangular parallelogram. 
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8. If from the extremities of any diameter of an equi-^ 
lateral hyperbola lines be drawn to any point in the curve^ 
they will be equally incUned to the asymptotes. 

9. A person wishing to ascertain the distances be- 
tween three inaccessible objects A, B, C places himself in 
a line with A and B; he then measm'es the distances 
along which he must walk in a direction at right angles to 
AB, until A, Cand B, C respectively are in a line with him, 
and also observes in those positions their angular bearings ; 
shew how he oan find the distances between A, B, C. 

10. .A heavy body is supported in a given position by 
means of a string which is fastened to two given points in 
the body, and then passes over a smooth peg; find the 
length of the string. 

11. Two spheres are supported by strings attached to 
a given point and rest against one another ; find the ten- 
sions of the strings. 

12. Shew that it is possible to project a ball on a 
smooth billiard-table from a given point in an infinite num- 
ber of directions so as after striking all the sides in order 
once or oftener to hit another given point ; but that this 
number is limited if it have to return to the point from 
which it was projected. 

IS. A cone of given weight W is placed with its base 
on a smooth inclined plane and supported by a weight W 
which hangs by a string fastened to the vertex of the cone 
and passing over a pulley in the inclined plane at the same 
height as the vertex. Find the angle of the cone when the 
ratio of the weights is such that a small increase of W 
would cause the cone to turn about the highest point of 
the base, as well as slide. 

14. A conical vessel containing a given quantity of 
fluid has its axis vertical, and another cone with the same 
vertical angle is placed to float in the fluid with its vertex 
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downwards; find how much the fluid will rise in conse- 
quence. 

15. A hollow cylinder containing air is fitted with an 
air-tight piston which when the cylinder is placed verti- 
cally is at a given height above the base ; the cylinder 
being now inverted and placed vertically in a fluid sinks 
partly below the surface ; find the position of equilibrium. 

16. If a luminous point be seen after reflexion at a 
plane mirror by an eye in a given position, there is a 
certain space within which the image of the point can 
never be situated, however the position of the plane mirror 
be changed ; find this space. 

17. If a be the angle which every diameter of a cir- 
cular disc subtends at a luminous point, shew that the 
ratio of the light which falls on the disc to the whole light 

emitted is as sin* - : 1. 

4 

18. If any number of particles be moving in an ellipse 

about a force in the centre, and the force suddenly cease 

/ 1 \*^ 
to act, shew that after the lapse of I — 1 part of the 

period of a complete revolution all the particles will be in 
a similar, concentric and similarly situated ellipse. 

19* Prove that all stars which rise at the same instant 
at a place within certain limits of latitude will, after a cer- 
tain interval, lie in a vertical great circle ; and determine 
those limits. 

20. Shew how to find the days of the year on which 
the light of the sun reflected by a given window which has 
a south aspect will be thrown into some one of the lower 
windows of an opposite range of buildings. 

21. Two perfectly elastic balls are moving in con- 
centric circular tubes in opposite directions and with velo- 
cities proportional to the radii : at an instant when they 



i 
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axe in the same diameter and on opposite sides of the 
centre the tubes are removed and the balls move in ellipses 
under the action of a force of attraction in the common 
centre of the circles varying inversely as the square of the 
distance. After one has performed in its orbit a complete 
revolution and the other a revolution and a half, a direct 
collision takes place between the balls and they inter- 
change orbits ; find the relation between the radii of the 
circles and between the masses of the balls. 



I 

I 
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1851. 

Moderators. 

Arthur Caylby, M.A.9 Trinity College. 
Thomas Gaskin, M.A., Jesus College. 

Examiners. 

Lewis Hbnslet, MA., Trinity College. 
John Sykbs, M. A, Pembroke College. 



Tuesday. Dec. 31. 9... 12. 

1. Triangles upon equal bases and between the same 
parallels are equal to one another. 

Let ABCi ABD be two equal triangles upon the same 
base AS and on opposite sides of it ; join CD meeting AB 
in E ; shew that CE is equal to ED. 

2. In any right-angled triangle, the square described 
upon the side subtending the right angle, is equal to the 
squares described upon the sides which contain the right 
angle. 

If ABC be a triangle whose angle ^ is a right angle, 
and BEy CF be drawn bisecting the opposite sides re- 
spectively ; shew that four times the sum of the squares 
of BE and CF is equal to five times the square of BC. 

S. The opposite angles of any quadrilateral figure 
inscribed in a circle are together equal to two right angles. 

If a polygon of an even number of sides be inscribed 
in a circle, the sum of the alternate angles together with 
two right angles is equal to as many right angles as the 
figure has sides. 

4. Inscribe an equilateral and equiangular quindeca- 
gon in a given circle. 

In a given circle inscribe a triangle whose angles are as 
the numbers 2, 5 and 8. 

5. If the angle of a triangle be divided into two 
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equal angles by a straight line which also cuts the base, 
the segments of the base liave the same ratio which the 
other sides of the triangle have to one another. 

If A, By C be three points in a straight line, and D a 
point at which AB and BC subtend equal angles, shew that 
the locus of the point i> is a circle, 

6. If two straight Unes be parallel, and one of them 
be at right angles to a plane, the other is at right angles 
to the same plane. 

From a point E draw EC, ED perpendicular to two 
planes CAB, DAB which intersect in AB^ and from D 
draw DF perpendicular to the plane CAB meeting it in^ 
F\ shew that the line joining the points C and F, produced 
if necessary, is perpendicular to AB. 

7. In the parabola if from the extremity Q of an 
ordinate QF, a perpendicular QD be let fall on the dia« 
meter PV, then QD* ^^AS.PV. 

8. Assuming that the sum of the focal distances of a 
point in the ellipse is equal to a given line, shew that the 
axis major is equal to the same line. 

Shew that the axis major is greater than any other 
diameter. 

9. In the ellipse if PU be a tangent at P meeting 
the minor axis produced in U, and PN be drawn perpen- 
dicular to the minor axis, then 

CN X CB :: CB : CU. 

If a series of ellipses be described having the same 
major axis, the tangents at the extremities of their latera 
recta will all meet the minor axis in the same point. 

10. Define conjugate diameters, and prove that if the 
semidiameter CD be conjugate to^ CP, then CP will be 
conjugate to CD. 

11. In the hyperbola the rectangle under the abscissaa 
of any diameter is to the square of the ordinate, as the 
square of the diameter to the square of the conjugate. 

11 
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12. In the parabola, at any point P, the chord of cur^ 
vature parallel to the axis and that through the focus are 
severally equal to 4SP. 

If the circle of curvature at the point JP intersect the 
parabola in another point Q, and QR, drawn parallel to the 
axis, meet the circle in R, shew that PR is the chord of 
curvature through the focus. 

IS. If a right cone be cut by a plane which meets the 
cone on both sides of the vertex, the section is a hyper- 
bola. 

Shew how to cut from a given cone a hyperbola whose 
asymptotes shall contain the greatest possible angle. 



Tuesday, Dec. 31 . 1^ . . .4. 

1. How many Roubles at 8s. 4j^. to the Rouble are 
equal in value to 378 Napoleons at I5s. 9^d. to the 
Napoleon ? 

2. Prove the rule for finding the greatest common 
measure of two numbers. 

Shew that the greatest common measure of the two 
numbers is equal to the greatest common measure of any 
divisor made use of in the process and the corresponding 
dividend. 

S. Find the square root of S to five places of deci* 
mals, and determine (without multiplication) the square of 
the approximate root. 

4. Shew that (^ + y^ -^w^ -^yi ia exactly divisible by 
(^ + «^y + y2)«. 



5. Solve the equations 
00 + y/a^ - 1 



(V - ^/a^ - 1 00 j^ *^a» «. j *" 



(2) {oo - a) {oo - 6) (^ - c) + ahc « 0. 

(3) a'» + y» a y2 ^ ijfo? - c, «^ + a?y = a. 
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6. Find the sum of a series of quantities in arith* 
metical progression. 

The square of the arithmetic mean of two quantities is 
equal to the arithmetic mean of the arithmetic and geo- 
metric means of the squares of the same two quantities. 

7. Find the number of combinations of n things taken 
r together. 

Shew that for a given even value of n the number of 
combinations is greatest when r ^ ^n. 

8. Compare the magnitudes of two angles which con- 
tain the same number of French and English degrees 
respectively. 

Divide an angle which contains n degrees into two 
parts^ one of which contains as many English minutes as 
the other does French. 

9. Express the values of the tangent^ secant and 
cosecant in terms of the sine of the angle and also in 
terms of the cosine of twice the angle. 

Find the values of the tangent^ secant, and cosecant, 
of 22« so'. 

10. Prove that sin (J + B)^ siaJcosB + cos ^ sin J?, 
and deduce a similar expression for cos (A + £)• 

A + B 

If a tan A + b tan B ^ (a + b) tan , shew that 

a- cos J 
b cos J?' 

11. In a right-angled triangle in which Cis the r%ht 
angle, prove that cot — cs . 

Shew also that in any triangle 

J B C 

(6 + c - a) tan — « (c + <i - 6) tan — « (a + 6 - c) tan — , 

X 2 % 

11—2 



164 SENATE-HOUSE PROBLEMS. 

and hence that each of these quantities is equal to 

{(6 + c • a) (c + a - 6) (a + 5 - c)H 
a + 6 + c J ' 

12. Find the area of a triangle (l) in terms of two 
sides and the angle between them, (2) in terms of two 
angles and the side between them* 

13. Define the characteristic and mantissa of a log^a- 
rithm; and find the characteristic of the logarithm of 5 
when the base is 3, and of the logarithm of ^ when the 
base is 5. 

14. If d be an angle determined from the equation 
cos 9 « ; prove that in any triangle 

A -- B (a + 6) sin , A + B c sin 

cos e f=. — and cos = — j= • 

2 Zy/ab 2 2\/ab 



Wednesday, Jan. 1. 9.. .12. 

1. The sum of the moments of any two forces is equal 
to the moment of their resultant, whatever be the point 
about which the moments are taken. 

2. Find the condition of equilibrium on the inclined 
plane, the power acting parallel to the base. 

3. Find the relation between the power and weight 
in the system of pullies in which each string is attached to 
the weight, taking into account the weight of the pullies. 

4. If a point O be kept in equilibrium by forces re- 
presented in magnitude and direction by the lines OP, OQ^ 
OR, the point O is the centre of gravity of the triangle 

PQR. 

5. If two weights support each other on inclined 
planes by means of a string passing over the common 
vertex of the two planes, and the system is set in motion, 
the centre of gravity of the weights moves in a horizontal 
line. 
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6. Two uniform heavy rods equal in length and weight, 
connected at their ends by a hinge are placed astride across 
a smooth horizontal cylinder, determine the position of 
equilibrium and also the tension of the hinge. 

7. What is meant by the equilibrium of a system 
being ' stable ' or ' unstable ?' In what case is the equili- 
brium of two weights acting at the extremities of a bent 
lever, stable ? ^ 

8. Write down the laws of motion ; giving any illus- 
trations you please for the sake of explanation. 

If a weight of ten pounds be placed upon a plane which 
is made to descend with a uniform acceleration of 10 feet 
per second^ what is the pressm-e upon the plane ? 

9. If a body move from rest under the action of a 
uniform accelerating force, prove that the space moved 
over varies as the square of the time of motion. 

If a body fall down an inclined plane, and another be 
projected from the starting point horizontally along the 
plane ; find the distance between the two bodies when the 
first has descended throtigh a given space. 

10. Find the angle which the direction of a projectile- 
makes with the horizon at any point of its path, and deter- 
mine its distance from a line drawn through the point of 
projection parallel to this direction. 

11. When a heavy particle falls down a smooth curve, 
the velocity at any point is that due to the vertical height 
through which it has fallen. 

12. A ball impinges directly with a given velocity 
upon another ball at rest ; find the velocity of each after 
impact, their common elasticity being e. 

K the vis viva before impact be n times the vis viva 
after impact, find their common elasticity. 

13. Define a cycloid, and prove that the arc measured 
from the vertex to any point is equal to twice that chord 
of the generating circle which touches the curve at that 
point. Hence deduce the radius of curvature at the 
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vertex, and shew tliat the time of oscillation in a small arc 
of the generating circle wiU be half the time of oscillation 
in the cycloid. 



Wedxesdat, Jan. 1. 1-|^...4. 

1. Explain the method of estimating fluid pressure. 

Shew that the pressure of a fluid will be the same at all 
points in the same horizontal plane, whatever be the fonxi 
of the vessel containing it. 

2. Find the pressure on a plane immersed in a fluid. 

Distinguish between the whole pressure and the result- 
ant pressure on a body immersed in a fluid ; shew that if 
the body be depressed in the fluid, the former will be in-* 
creased, but the latter will remain unaltered. 

3. If a cone float in a fluid with its axis vertical, first 
with the vertex immersed, and next with the base imi- 
mersed, compare the depression of the vertex below the 
surface of the fluid in the first ease with its elevation 
above it in the second. 

4. If a given body lose in air when the height of the 
barometric column is h the m*^ part of its weight ; find 
what part of its weight it will lose when the height of the 
barometric column is h\ and explain how the change of 
atmospheric pressure will affect the apparent weight of a 
substance when weighed with weights of a standard sub- 
stance. 

5. Describe the common Barometer. 

If there be a small quantity of air in the tube above 
the column of mercury, what will be the effect on the indi- 
cations of the barometer ? 

A faulty barometer indicated 29.2 and SO inches when 
the indications of a correct instrument were 29.4 and 30.5 
respectively, find the length of tube which the air in the 
tube would fill under the pressure of SO inches. 
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6. Describe Smeaton's Air-pump^ and explain the 
mode of its operation. 

7. A luminous point is placed between two parallel 
plane mirrors^ find the position of the successive images. 

When the luminous point moves uniformly in a straight 
line, shew that all the images will move uniformly in two 
sets of parallel straight lines which are equally inclined to 
the mirrors. 

8. Two rays are incident at any point of a spherical 
mirror whose centre is E, the one parallel to the axis of 
the mirror, the other proceeding from a point Q in the axis, 
and the reflected rays cut the axis in G and q respectively ; 
shew that GQ.Gq^ GE?. 

If the axis AE of the spherical mirror meet the surface 
produced in R, shew that a ray proceeding from R and 
making an angle of S(fi with the axis will be reflected to the 
principal focus of the mirror. 

9. If parallel rays be incident directly upon a spheric 
cal refracting surface, the distance of the geometrical focus 
of refracted rays from the surface, is to its distance from 
the centre, as the index of refraction to unity. 

A pencil of parallel rays is incident directly upon a 
spherical refracting surface, and after refraction converges 
to a point at a distance from the surface equal to three 
times the radius; find the index of refraction, (l) when 
the surface is concave, (2) when it is convex. 

10. Find the geometrical focus of a pencil of rays 
after direct refraction through a lens whose thickness is in- 
considerable. 

Two convex lenses whose focal lengths are Sf and / are 
separated by an interval 2/; how must a pencil of rays be 
incident upon the first lens, so as to emerge parallel after 
refraction through the second lens ? Draw a figure repre- 
senting the course of the pencil. 

11. Shew how to find by experiment the focal length 
of a lens. 
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The least distance between an object and its image 
formed by a plano-convex lens of glass is 12 inches; the 
index of refraction being |, find the radius of the spherical 
surface. 

12. Describe Galileo^s telescope, and trace the course 
of the pencil of rays by which a given point out of the 
axis is seen. 



Thursday, Jan. 2. 9... 12. 

1. Enunciate and prove Newton's fourth Lemma. 

Apply this Lemma to prove that the area included 
between a hyperbola and the tangents at the vertices of 
the conjugate hyperbola is equal to the area included 
between the conjugate hyperbola and the tangents at the 
vertices of the hyperbola. 

2. The spaces described from rest by a body under 
the action of any finite force are in the beginning of the 
motion as the squares of the times in which they are 
described. 

If the force vary as the time from rest, prove that the 
velocity will vary as the square of the time. 

3. The centripetal forces of bodies which describe 
different circles with uniform velocities, tend to the centres 
of the circles, and are to each other as the squares of the 
arcs described in the same time divided by the radii. 

Give a formula for finding the height of a body which 
moves under the attraction of the earth in such a way as 
always to be vertically above a point in the equator, stating 
the numerical values of the quantities appearing in the 
result. 

4. If a body revolve about a fixed centre of force, 
and a sagitta be drawn to any very small arc bisecting 
the chord of the arc and passing through the centre of 
force, then the force at the middle of the arc will ulti- 
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mately vary directly as the sagitta and inversely as the 
square of the time of describing the arc. 

If a body move in a curve under the action of any 
force, whether tending to a centre or not, the square of 
the velocity at any point varies as the product of the force 
and the chord of curvature in the direction of the force. 

5. If a body move in a parabola under the action of a 
force parallel to the axis,^ prove that this force is con- 
stant : and conversely. 

6. When a body revolves in an ellipse, find the law 
of the centripetal force tending to the focus of the ellipse. 

7. If several bo^es revolve round a common centre, 
and the centripetal force vary inversely as the square 
of the distance, the velocities of the bodies are in a ratio 
compounded of the ratio of the perpendiculars inversely, 
and the subduplicate ratio of the latera recta directly. 

The velocity of a body revolving in any conic section 
is to the velocity of a body revolving in a circle at the 
distance of half the latus rectum as that distance is to the 
perpendicular from the focus upon the tangent. 

8.- Why does not a star always rise at the same time ? 
Explain how the time of a star's rising and that of its 
setting alter in the course of the year. 

Orion's belt being in the equator and having about 
5^ SO"* Eight Ascension ; during what part of the night will 
it be visible at the vernal and autumnal equinoxes ? 

9. What must be the approximate age of the Moon 
that she may be seen in the south at seven o'clock in the 
morning at the time of the equinox ? Will the convexity 
of the crescent appear to a spectator on his right hand or 
on his left ? 

10. For what purpose is the Mural Circle employed? 
Describe the instrument and its adjustments. 

11. Give definitions of the ecliptic, meridian, equator 
and solstitial colure. Which of these great circles are 
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fixed cirdes in the celestial sphere? Which of them 
would, if visible, appear fixed in the sky? 

12. Explain briefly the necessity or the advantage of 
applying corrections for Refraction, Aberration, Parallax, 
and Precession and Nutation to the observations of a 
heavenly body. 

Which of these corrections do not apply to transit 
observations? 

IS, Explain fully how the longitude of a ship at sea 
is determined by the method of Lunar Distances. 



Thursday, Jan, 2. 1...4. 

1. In AB the diameter of a circle take two points C, 
D equally distant from the centre, and from any point E 
in the circumference draw jEC, ED ; shew that 

E(? + ED^ « ^C« + AD\ 

2. If through the fixed points P, Q parallel lines be 
drawn meeting two fixed parallel lines in the points My N ; 
then the line through the points M, N passes through a 
fixed point. 

3. In a given circle it is required to inscribe a tri- 
angle similar and similarly situated to a given triangle. 

4. Describe a circle which shall pass through two 
given points and cut off from a given straight line a chord 
of given length. 

5. If 7 — ; be expanded in a series 

(^ - 1) (a? - 2) (<r - 3) ^ 

ascending by powers of w, find the coefficient of a^, 

6. Find the sum of the different numbers which can 
be formed with m digits a, n digits )8, &c. the entire series 
of m + n + &c. digits being employed in the formation of 
each number. 
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7. The difference between the arithmetic and geo- 
metric means of two numbers is less than one-eighth of 
the squared difference of the numbers divided by the less 
number, but greater than one-eighth of such squared dif- 
ference divided by the greater number. If a?, y be any 
two numbers, Wi, y, their arithmetic and geometric means, 
^29 ^2 the arithmetic and geometric means of tVi, pi and so 
on, find major and minor limits for the difference w^ — y^, 

8. If all the sums of two letters that can be formed 
with any n letters be midtiplied together, then in each 
term of the product, the sum of any r of the indices cannot 
exceed the number rw - ^r(r + l). 

9. Eliminate w from the equations 

(m - a) (tV - 6) = (cV - c) (a? - d) = (<a? - e) (ob -/) ; 

and from the same equations, with the additional relation 
e^fy find a quadratic equation for determining the quan- 
tity e or /. Shew also that if m\ m" be the values of e or /, 
then m" — m' is a harmonic mean between a ^-m'^h ^m 
and between c^m\ d-- m\ 

T/> X n w sin o cos a , • xt- X X ^ />v 

10. If tan B = T-i; — , shew that tan (a - B) 

«(!-«) tan a. 

11. Two triangles stand on the same base, determine 
in terms of the base and of the tangents of the angles at 
the base the distance between the vertices of the triangles. 

12. Give a construction for finding the common tan- 
gents of two circles, and shew that if through the inter- 
section O of two of the common tangents which meet in 
the line joining the centres of the two circles, there' be 
drawn a transversal meeting the circles in A, A' and JB, B' 
respectively, then (the points denoted by JB, ff being pro- 
perly chosen) OA.OB^OA'.OB is independent of the 
position of the transversal. 

13. Shew that a triangle made to revolve in the same 
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direction about its three angular points in a proper order 
through angles double of the angles of the triangle at the 
same angular points respectively will resume its original 
position. 

14. Given a pair of conjugate diameters of a conic 
section, find geometrically the directions of the principal 
diameters, (l) in the case of the hyperbola, (3) in that of 
the ellipse. 

15. A cone whose semivertical angle is tan"^ — ;= is 

enclosed in the circumscribing spherical surface ; shew that 
it will rest in any position. 

16. A string ABCDEP is attached to the centre A 
of a pulley whose radius is r, it then passes over a fixed 
point B and under the pulley which it touches in the points 
C and D ; it afterwards passes over a fixed point E and 
has a weight P attached to its extremity ; BE is horizontal 

and «s — , and DE is vertical ; shew that if the system be 

5P 

in equilibrium the weight of the pulley is — , and find the 

distance AB. 

17. A body of given elasticity e is projected along a 
horizontal plane from the middle point of one of the sides 
of an isosceles right-angled triangle so as after reflexion at 
the hypotenuse and remaining side to return to the same 
point ; shew that the cotangents of the angles of reflexion 
are e + \ and c + 2 respectively. 

18. If a heavy body be projected in a direction in- 
clined to the horizon, shew that the time of moving between 
two points at the extremities of a focal chord of the para- 
bolic path is proportional to the product of the velocities of 
the body at the two points. 

19. If a body describe an ellipse round a centre of 
force in the focus, shew that the sum of the reciprocals of 
the squares of the velocities at the extremities of any chord 
passing through the other focus is constant. 
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20. A hollow cone floats in a fluid with its vertex up- 
wards and axis vertical ; determine the density of the air 
contained in the hollow cone. 

2j. A sphere composed of two hemispheres of dif- 
ferent refractive powers is placed in the path of a pencil of 
light in such manner that the axis of the pencil is perpen- 
dicular to the plane of junction and passes through the 
<3entre ; determine the geometrical focus of the refracted 
pencil. 

22. Altitudes of the same heavenly body are observed 
from the deck of a ship and from the top of the mast the 
height of which from the deck is known ; find the dip of 
the horizon and the true altitude. 
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